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In auctions with correlated types it is possible to design mechanisms such that
full surplus extraction can be obtained as the outcome of an equilibrium in which
agents use (weakly) dominant strategies. However, it is not assured that the out-
come is unique. We present an example in which no mechanism can yield the full
surplus extraction outcome as the unique Bayesian equilibrium outcome. Next we
show that in the standard auction model the multiplicity problem can be fully
resolved using sequential mechanisms, i.e., we show that it is possible to obtain the
full surplus extraction outcome as the unique perfect Bayesian equilibrium outcome.
Journal of Economic Literature Classification Numbers: D44; D70.  © 1998 Academic

Press

1. INTRODUCTION

In auctions with correlated types it is possible to design the mechanism
in such a way that each participant earns an expected surplus of zero and
the object is allocated to the agent with the highest valuation for the object.
This is the best possible situation for the seller, and it is referred to as the
“full surplus extraction outcome” (FSE outcome). In particular, Crémer
and McLean [2] show that when a mild “spanning” condition on the joint
probability distribution on types is satisfied then it is possible to design the
auction in such a way that the full surplus extraction outcome is obtained
as a Bayesian equilibrium in which the agents adopt (weakly) dominant
strategies.

The result has been looked upon with some suspicion, as it heavily relies
on risk neutrality for the construction of the mechanism. In particular,

* This paper contains results previously included in Brusco [1].
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huge penalties or prizes may have to be awarded to the agents in order to
have incentives aligned. Here we do not deal with the plausibility of the
mechanism. Rather, we would like to point out another potential weakness.
Despite the fact that the FSE equilibrium is in dominant strategies, it is not
necessarily the unique Bayesian equilibrium of a mechanism yielding the
FSE outcome. We will present an example in which every mechanism having
the FSE outcome as a Bayesian equilibrium must have another Bayesian
equilibrium which is weakly Pareto superior for the agents. In other words,
the FSE outcome is not uniquely implementable in Bayesian equilibrium in
the standard auction model. The fact that the alternative equilibrium is
weakly Pareto superior to the one producing the FSE outcome makes the
problem even more serious, since a Pareto superior equilibrium is a natural
focal point for the agents.

We will show however that the multiplicity problem can be eliminated if
we adopt a sequential mechanism and assume that the outcome of the
mechanism can be predicted using the notion of perfect Bayesian equi-
librium. The basic idea is to ask the agents to announce their type and
whether they think that some agent is lying. If some agent claims that
someone else is lying then a second stage is reached in which a “test” agent
is asked to make a choice revealing the true type. The key features of the
mechanism are

1. whenever the second stage is reached, there exists a unique equi-
librium in strictly dominant strategies in which the truth comes out;

2. given the outcome at the second stage, it is always convenient to
denounce an agent who is lying.

We show that it is possible to design the mechanism in such a way that
in no equilibrium agents lie.

There are by now a number of applications of sequential mechanisms,
see, e.g., Glazer and Ma [4], Jackson and Moulin [6], and Varian [7].
The mechanism presented in this paper is similar to the one in Duggan
[3], who deals with the general adverse selection problem in principal/
multiagent environments. Duggan also exploits quasi-linearity of preferen-
ces to make sure that truth-telling is a dominant strategy at the second
stage. Although the mechanism presented in this paper has been developed
independently, it can be seen as an application of the mechanism in Duggan.
Our setting allows us to simplify the agents’ message spaces, giving to them
a more natural interpretation.

The rest of the paper is organized as follows. Section 2 presents the
general set up. Section 3 presents the example with multiple equilibria, and
Section 4 shows that the multiplicity problem can be eliminated with
sequential mechanisms.
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2. AUCTIONS WITH CORRELATED TYPES

Let us consider the standard auction setting. There is a seller who is
trying to sell an object to n risk-neutral bidders. The value of the object to
the seller is zero, while the bidders may have positive value. Let S’ be the
set of types of bidder i, with S’ finite for each i. An agent of type s'e S’
values the object w(s’). The utility function of agent i is

d;w(s") + m;

where d;=1 (d;=0) if the object is (not) assigned to bidder i and m; is the
monetary transfer to bidder i (negative in case of payment). The set of
states of the world is S= x7_, S’ so that a state of the world is a vector
s= (s} .., s"). It is common knowledge that the probability distribution on
S is given by =z, and 7(-|s’) denotes the probability distribution on
S~"x;,; S’ conditional on agent i being of type s’. We say that types are
correlated if there is an agent i, two types s, '€ S’ and a type profile
s~ 'eS~" such that n(s~"|s") #n(s~"|#). For simplicity, we will assume
that w(s’) # w(s”) for each i, j, i.., it is never the case that two agents have
the same valuation. An allocation rule is a collection of 2n functions

pl., pt R, LR

where p% S—[0,1] is the probability that the object is assigned to
agent i. Obvious feasibility restrictions on the functions p’, .., p" are that
p'(1)=0 for each i and ¢ and >7_, p'(¢)<1 for each . The function
h*: S — R is the transfer to agent i.

In this paper we will focus on a particular allocation rule, the one that
guarantees maximum revenue to the seller. We say that an array
(p, .., p", b, .., ") reaches the full-surplus-extraction (FSE) outcome if
the following conditions are satisfied:

1. For each teS, 37_, p'(t)=1 and p’(t) =0 whenever there exists
j#i such that w(t') <w(t/).

2. For each agent i and type ¢ the following equality is satisfied:

Yo als' [ [ pisTh ) wt) +hi(sT 1) ] =0.

sTies!

The first condition requires that the object be assigned only to the agents
who value it most, so that the allocation of the object is efficient. The
second condition requires that transfers be arranged in such a way that
each type of each agent be left with just her reservation value. The two
conditions together imply that the seller is able to extract the full surplus.
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Crémer and McLean [2] have shown that, under a mild “spanning”
condition on conditional probabilities, it is possible for a principal to
design a mechanism yielding the FSE outcome in dominant strategies. The
condition requires that, for each agent i, the matrix formed using as rows
the | S’| vectors of conditional probabilities be of rank |S’| (see Theorem 1
in Crémer and McLean [2]; for reader’s convenience the result is reported
in the appendix). Despite the fact that the equilibrium is in dominant
strategies there is no guarantee that the FSE outcome is the unique
Bayesian equilibrium outcome. We present an example in which whenever
the FSE outcome is obtained as an equilibrium there must be another
Bayesian equilibrium which is weakly Pareto superior from the agents’
point of view.

3. THE EXAMPLE

There are two agents. Agent 1 has 3 types, 54, 5;, and s,, and agent 2 has
3 types, o, t;, and ¢,. We assume

w(ty) >w(ty) >w(ty) >w(s,) >w(sy)>w(sy)

so that the valuation of agent 2 is always higher than the valuation of
agent 1, and the object is always assigned to agent 2. The joint probability
distribution is given by:

Ly 1 23

s | 0 01 0.1
s; | 0 02 05
s, |01 0 0

The spanning condition identified in Crémer and McLean [ 2], Theorem 1,
is satisfied. Therefore it is possible to design a mechanism with a dominant
strategy equilibrium yielding the FSE outcome. A (normal form) mechanism
can be represented as:

e a pair of message spaces (M, K), where M denotes the message
space of agent 1, and K the message space for agent 2;

o four functions (p!, p2 H,, H,), where p: M xK—[0,1] is the
probability of allocating the object to agent i and H;: M x K— R is the
transfer to agent i. We allow in principle the possibility that for some
message pair the object is not allocated, ie., we allow pl(m, k)+
p*(m, k)< 1.

Suppose now that the mechanism has an equilibrium yielding the FSE
outcome (we will refer to this equilibrium as the “correct” one). Let m, be
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the strategy used by type s, of agent 1, and k, the strategy adopted by type
t, of agent 2 in the correct equilibrium. We claim that such a mechanism
must have at least another equilibrium, in which each type of agent 1 uses
m, and each type of agent 2 uses k,. This equilibrium is weakly Pareto
superior, from agents’ point of view, to the correct one. Agent 1 obtains an
expected utility of zero, as in the correct equilibrium. Agent 2 receives the
object and pays w(z,) with probability 1, no matter what her type, so that
she obtains a strictly positive surplus when the type is ¢, or ¢,.

To show that this is an equilibrium, suppose not. Then there must be a
profitable deviation for some type of some agent. Consider first agent 1.
Obviously, type s, cannot have a profitable deviation, since it is facing the
same situation as in the correct equilibrium. Suppose first that the
profitable deviation is available for s,. Then there must be a message m
such that:

p(m, ko) w(sy) + H,(m, ko) > H,(m,, ko).
Since w(s,) > w(s;) and p'(m, ko) = 0, this implies:
p(m, ko) w(s,) + Hy(m, ko) > H,y(m,, ko).

Notice now that the RHS is the payoff in the correct equilibrium for
type s,. Thus, if there is a strategy s that type s, can use to break the
“bad” equilibrium, the correct equilibrium is also jeopardized, as type s,
would be given a profitable deviation. It is clear that the same reasoning
applies when type s, is endowed with the profitable deviation. We therefore
conclude that no profitable deviation exists for agent 1.

Consider now agent 2. Again, no profitable deviation can exist for type ¢,.
Suppose first that type ¢, of agent 2 has a profitable deviation k. Then it
must be the case that:

PA(my, k) w(ty) + Hay(my, k) >w(t,) + Hy(my, ko).

Again, 1> p*(m,, k) and w(t,)>w(t,) imply that k would also be a
profitable deviation for type ¢, against the “good” equilibrium. The same
reasoning applies to type z,. We conclude that no profitable deviation
exists, so that the proposed strategy profile is indeed an equilibrium. There-
fore, it is impossible to obtain the FSE outcome as the unique outcome
supported by a Bayesian equilibrium. In other words, the FSE outcome is
not implementable in Bayesian equilibrium.

What is happening is that the Bayesian monotonicity condition, which
is necessary for Bayesian implementation (see Jackson [5]), is violated for
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the particular allocation we want to implement. The Bayesian monotonicity
condition requires that for every deception! there exist a deviation which
is profitable when the deception is used but unprofitable for every type of
every player in the truth-telling equilibrium.

We have shown that, under the deception we consider, a deviation can
be profitable only if it is also a profitable deviation for some type in the
truth-telling equilibrium. This implies that the Bayesian monotonicity con-
dition is violated.

Remark. The example heavily exploits the special information structure,
and in particular the existence of separate common knowledge components.
It turns out that in this standard auction setup it is relatively easy to
construct examples in which every normal form mechanism yielding the
FSE outcome must have multiple equilibria whenever there are separate
common knowledge components. This includes the important special case
of complete information.? It is much harder (we suspect impossible) to
produce such examples when there are no separate common knowledge
components. To produce examples in which all normal form mechanisms
have multiple equilibria it is crucial to find a deception o: S — S such that
the function given by the FSE outcome does not satisfy the Bayesian
monotonicity condition with respect to «. When there are separate com-
mon knowledge components such deception can frequently be constructed
making the agents behave, in a certain common knowledge component, as
if they were in a different common knowledge component (this is what
happens in our example, with the agents pretending to be in the bottom-
left component when they are in the top-right component). These decep-
tions are difficult to destroy, since profitable deviations against the decep-
tion usually turn out to be profitable deviations against the truth-telling
equilibrium as well (again, this is exactly what happens in our example).
When there is a single common knowledge component there is no obvious
candidate deception for violating the Bayesian monotonicity condition.

4. IMPLEMENTATION WITH SEQUENTIAL MECHANISMS

The previous section has shown that even in the case in which the condi-
tions contained in Theorem 1 of Crémer and McLean [2] are satisfied, the
multiplicity problem cannot be eliminated.

! Section 4 contains a formal definition of deception.

2 The example presented in this section can be modified to generate a “complete informa-
tion” example. It is sufficient to eliminate s, and ¢, and assign positive probability only to the
pairs (s, t;) and (s,, o). Many other examples can be produced in this way, including examples
in which the object is allocated to different bidders in different common knowledge components.
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We now show that whenever the conditions contained in Theorem 2 of
Crémer and McLean [2] are satisfied,® the FSE outcome can always be
implemented as the only outcome supported by a perfect Bayesian equilib-
rium. Theorem 2 of Crémer and McLean [2] provides conditions ensuring
that there exists a mechanism having the FSE outcome as a Bayesian equi-
librium, although not necessarily unique. Obviously the conditions are
weaker than the ones contained in Theorem 1, ensuring the existence of a
dominant strategy mechanism. We establish in this section that whenever
it is possible to build a normal form mechanism having the FSE outcome
as a Bayesian equilibrium then it is possible to build a sequential
mechanism having the FSE outcome as the unique outcome supported by
a perfect Bayesian equilibrium. The mechanism used is a simple two-stage
mechanism, involving no “integer” or “modulo” games (but see the remark
after the theorem on the use of “open set” tricks in the proof).

In order to describe the mechanism, we first need a definition. A deception
for agent i is a mapping «’: S'— AS". It can be interpreted as a reporting
strategy adopted by agent i. We will denote by «’(¢'|s’) the probability of
announcing ¢’ given that the type is s’. Let A’ be the space of all possible
deceptions for agent i and define 4~"=x; ;47 and A = x}_, A". The nota-
tion & will be used to denote the identity deception or truth-telling, i.e.,
o (t|s)=1if s'=¢ and «’(¢' | s') =0 otherwise. We will also use the nota-
tion o(f]s) to denote the probability that agents jointly issue a report ¢
when the true type profile is s, and the notation « /(1= | s %) with obvious
meaning.

We can proceed to show that it is possible to find a sequential
mechanism having the FSE outcome as the unique perfect Bayesian equi-
librium outcome. Notice again that we are making the simplifying assump-
tion that w(s’) # w(#’) for each pair s’ S? and /e S/,

Let us first describe formally the mechanism used by Crémer and
McLean for (weak) Bayesian implementation of the full surplus extraction
outcome. Let p% S— [0, 1] be the probability of assigning the object to i
given announcement s. We want the efficient allocation to be implemented,
so p'(s) =1 if w(s") > w(s’) for each j#i and p’(s) =0 otherwise. The pay-
ment for agent 7 is a function H,: S — R satisfying the properties:

Y wlsTHSHpN(sh s T wis') — Hy(s', s7)]=0
sTles—i
for each i and s'e S’, and:
Z a(s~ [ p'(sh s w(t) — Hy(s', s 7)1 <0
sTles—i

3 For reader’s convenience, the theorem is reported in the appendix.
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whenever #*#s’. In the appendix we report the results by Crémer and
McLean ensuring that appropriate functions H, satisfying the two proper-
ties exist. Now consider the following two-stage mechanism.

First Stage. Each agent announces her type and the deception adopted,
ie, M’ =S"x A is the message space of agent i at stage 1. Let m} = (", &)
be the announcement of agent i, and let § = (§', ..., §"). For a given reporting
strategy a and a given announcement § let us define:

Semics—ioS s ) n(s T 1)

YesUS[s)n(s)

Pry(']§) =

whenever 3, s a(§ | s) n(s) > 0. Thus, Pr*(¢' | §) is the probability that agent
i is of type ¢* when the deception « is used by the agents and the report §
has been issued. For a given vector of announcements m, = (mj, .., m%),
define agent i* as the agent with the lowest index reporting a deception &
such that &= #a =", Y, ¢S |s)n(s)>0 and Prés$"*'|s$)#1. Thus,
i* is the agent with the lowest index satisfying the following properties:

1. i* claims that the other agents are using an untruthful deception
Q£

2. The announcement § occurs with positive probability when the
deception 4 is used.

3. With positive probability, agent i* +1 has been lying, ie., she

issued report §°"*! and her true type was s'" F1 £,

Of course, for some announcement i * will not be well defined. For the
cases in which it is defined, let j*=i*+1 (or j*=1 if i* =n). The out-
come function is as follows:

o If i* is not well defined then each agent i receives the object with
probability p’(§) and receives a transfer H,($), where p’ and H, are the
functions adopted in the Crémer—McLean mechanism. Notice that this case
occurs when each agent announces «, i.e., each agent announces that all
bidders are telling the truth.

e Ifi* is well defined then each agent i # j* receives a transfer H,;($),
and the game moves to the second stage. Agent j* pays a large sum K. The
amount of the sum is chosen so that each agent j* is strictly worse off
when the second stage is reached.

Second Stage. For the given deception & announced by agent i * and for
the given announcement §, define 7" as the type with the highest valuation
such that &/"(8/" | #/") >0 and #~ #§’", i.e., the highest type who, according
to the deviation denounced by i *, is announcing §/* with positive probability



FULL SURPLUS EXTRACTION AUCTION 193

(notice that, since the announcement of j* is not fully revealing, the type
/" is well defined). There are two possibilities.

1. w(#")>w(§’"). In this case agent j* selects between having the
object or a transfer K% with w(s/) > K*>w(§’"), where s/, is the type of
agent j* with the next higher valuation with respect to §/*. If j* chooses to
receive the object then it is evident that agent i * was right in denouncing the
deception. Thus agent i * receives a positive transfer 77 =[1 — (1 — (&, §))?],
where j(d, §) is defined as:

&, §) = ) Pré(t/7 |5),

{t7"eST" | w(t!™)>w(8/")}

i.e., the conditional probability that the valuation of agent i is greater than
w(§7") given that the announcement has been § and that the deception &
has been used. In case j* chooses K% agent i* was wrong in denouncing
the deception and receives a transfer T" = —j(&, §)2

The object is allocated as follows. With probability 1 —e¢, ; the object is
allocated according to the first period announcement, i.e., p’($). In this case
no additional transfers are made (in particular, the decision of agent j* has
no effect other than on the transfer to agent i *). With probability ¢, ; agent
j* is given what she has chosen, i.e., the object or the transfer. In case j*
chooses the object, she pays an amount 6 such that w($/")—60>K* If
j* has chosen the transfer, then the object is destroyed. The probability
&4, ¢>0 is chosen to satisfy the inequality:

£a, W(ST) < P& ST — (1 =& 3))*] = (1 = 7(& 5)) 7(&, 5)?

where §°" is the type of agent i* with the highest possible valuation.
(Notice that the RHS is the expected value of the transfer for agent i*
when this agent is revealing her type.)

2. w(#")<w($§/"). In this case agent j* selects between having the
object or a transfer K*, with w(§/") > K*>w(#/"). If j* chooses to receive
the transfer then it is evident that agent i* was right in denouncing the
deception. Thus agent i * receives a positive transfer

I’=1—(1-y(4,3))7?

where y(d, §) is defined as

(4, 8) = > Pré(¢7” | §).

{t/"eST™ |w(ti™) <w($7")}
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If j* chooses to receive the object, agent i * receives a transfer 7" equal to:

T"=—y(a,3)?
Rules for allocation of the object are the same as in the previous case,
except that agent j* does not pay for the object: With probability 1 —eg,
the decision of agent j* is irrelevant and with probability ¢, ; agent j* is
given what she has chosen, i.e., the object or the transfer. If j* has chosen
the transfer, then the object is destroyed.

The mechanism may look quite complicated, but the underlying idea is
rather simple. Basically, each agent is asked to report her type and to
announce whether she believes that everybody else is reporting honestly. If
everybody claims that agents are reporting honestly then the Crémer—
McLean allocation is implemented. In case one agent reports that a decep-
tion is being used, then the claim is “tested” by going to the second stage
and offering to some other agent the choice between having the object and
a transfer. The choice of the agent reveals whether a lie was told at the first
stage. If it turns out that a lie was told then the agent who reported the use
of a deception is given a prize, otherwise she has to pay a fine. Payoffs are
designed in such a way that whenever a deception is used, it is optimal for
some agent to denounce the deception. Furthermore, whenever a deception
is denounced, it is optimal for the other agents to tell the truth. These two
facts together make sure that no deception can be used in equilibrium. An
interesting feature of the mechanism is that what happens in the second
stage does not depend on the particular beliefs assigned. At the second
stage only agent j* moves, selecting the transfer or the object depending
only on her type. In any perfect Bayesian equilibrium, agent j* uses a
strictly dominant strategy at stage 2.* At last, we point out that there are
no restriction on the number of players, i.e., the mechanism also works for
the case n=2.

We will now show that the mechanism yields the FSE outcome as the
unique perfect Bayesian equilibrium outcome. We will refer to the condi-
tion stated by Theorem 2 in Crémer and McLean [2], allowing full extrac-
tion in Bayesian equilibrium, as condition CM2 (see the appendix for a
statement of the condition).

THEOREM 1. If condition CM?2 is satisfied then it is possible to obtain the
FSE outcome as the unique outcome supported by a perfect Bayesian equilibrium.

Proof. First observe that there is an equilibrium in which each agent
reports truthfully the type and says that everybody else is reporting truth-
fully, and whenever the second stage is reached agent j* selects the

4 The mechanism proposed by Duggan [3] shares the same feature.
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preferred outcome. Incentive compatibility implies that no agent can
profitably deviate by reporting untruthfully her type while still maintaining
that the other agents are reporting truthfully. Let us consider deviations in
which an agent of type s’ claims that a deception « is used and (possibly)
changes the report about her type. In this case at the second stage agent
j* makes a choice confirming her initial report, so that the deviating agent
obtains a negative transfer, and the deviation is unprofitable.

We next show that there is no equilibrium in which a deception is used.
We first present three lemmas which will constitute the main argument of
the proof.

LemMma 1. In every perfect Bayesian equilibrium, if a type t* of agent 2
is using a deception then each type s' of agent 1 such that n(¢*|s')>0
denounces a deception.

Proof. Suppose that in the equilibrium the agents are reporting their
types according to the deception a, and suppose further that agent 2 is not
reporting the truth, ie., a®# &2 In particular, let > be a type who is not
reporting the truth with probability 1. Let s! be a type of agent 1 such that
n(?|s')>0, and let §' be a type of agent 1 such that «!(5'|s') >0, ie.,
§! is reported with positive probability by type s'. We will show that it can-
not be optimal for type s' of agent 1 not to denounce a deception, i.e., it
cannot be optimal to announce (8!, &).

Let &' be a deception for agent 1 such that &'(s'|s')=1 and
al(§'|t')=0 if t' #5s' (this is a deception such that §' is only announced
by type s'), and define & = (&%, «™1).

Suppose now that agent 1 announces (§!, &) instead of (§!, &). We will
show that for each message having positive probability agent 1 is not worse
off, and for some message having strictly positive probability agent 1 is
strictly better off. There are two different cases:

o The message §~! announced by the other agents is such that

Pr%(§?|§)=1. In this case the outcome is unchanged.

o—i

e The message §~' announced by the other agents is such that
Pr%(§?|§) < 1. This happens with strictly positive probability, and in this
case agent 1 becomes agent i* and the second stage is reached.

We now show that in this second case agent 1 is strictly better off. It suf-
fices to compare the payoff obtained when all other agents announce &; the
case in which some other agent is also denouncing a deception is treated
along similar lines and omitted here.

Suppose first that w(#?)>w(§?). In any perfect Bayesian equilibrium,
agent 2 will choose the object if w(s?)>w(§?), and the transfer otherwise.
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Notice that, according to the deception denounced by agent 1, the announ-
cement §! fully reveals type s', so that the conditional probability (d, §)
used in the mechanism is computed using the same information held by
agent i. In other words, let Pr¥(w(s®)>w(§?)|§~', s') be the probability
that the valuation of agent 2 is greater than w(§?) given that the type of
agent 1 is s', agents other than 1 report their types according to deception
o~ ! and the announcement by other agents is §~!. Then we have that:

Pr(w(s?) > w(§?) |87 s) =&, §). (1)

Agent 1 still receives the transfer H($), and additionally at the second stage
she obtains an expected transfer 7r equal to:

E(Tr|38)=Pr¥w(s®)>w($*) | 5§74 sH[ 1 = (1 — (4, §))?]

— (1 =Pr*(w(s?*) >w($?) | §7 sY)) 7(a, )2

Using 1, it is immediate to see that E(7r|§)>0. On the other hand,
agent 1 can lose the object with at most probability ¢, ;. Since, by con-
struction, &, ;w(5') < E(Tr|§) (again making use of 1), agent 1 is strictly
better off denouncing the deviation. An analogous reasoning holds for the
case w(f2) <w(§?). We conclude that it cannot be optimal for agent 1 to
announce (', @) whenever agent 2 is not expected to tell the truth with
probability 1. ||

LEMMA 2. There is no perfect Bayesian equilibrium in which agent 2 does
not tell the truth.

Proof.  We have seen that agent 1 will denounce a deception by agent 2
whenever it is used. Suppose agent 2 does not tell the truth. For a given
announcement §2 which does not reveal the type of agent 2, consider agent
£2 (the highest type announcing §2), and assume first that w(#?) > w(§?). We
will show that it cannot be optimal for this type to announce §%. By
announcing §?, agent 2 ends up choosing the object and paying 0. By
announcing 72 three things may happen.

o If 72 is revealing then the second stage is not reached and agent 2
is strictly better off.

« If 2 is also announced by a type 72 such that w(#?) > w(#?2) then the
second stage is reached and agent 2 selects a transfer K, > w(#2), so that
she is strictly better off.

o In all other cases, the second stage is reached and agent 2 selects
the object without paying any price.
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We conclude that agent 72 is strictly better off telling the truth, so that
it can never happen that §? is announced by a type with a higher valuation.
This in particular implies that the announcement s3 (the type of agent 2
with the lowest valuation) either is fully revealing or it never occurs. In
both cases, all types of agent 2 are able to avoid the payment of the fine
K by announcing s3. We conclude that no type of agent 2 pays the fine. But
this in turn implies that all announcements are fully revealing, contradicting
the fact that agent 2 is not telling the truth. |

Lemma 3. There is no perfect Bayesian equilibrium in which agent 2 tells
the truth and agent 1 denounces a deception leading to the second stage with
positive probability.

Proof. Suppose that agent 1 is denouncing a deception and let § be an
announcement occurring with positive probability and leading to the
second stage. Assume that the deception denounced by agent 1 implies that
§? can be issued by higher types of agent 2 (the case in which §? is only
issued by lower types is analogous). Since agent 2 is telling the truth,
agent 1 receives a transfer equal to

—7(4, $)?,

and possibly loses the object with probability &4 ;. In order to maximize
this quantity agent 1 should select (&, §) =0 (this would also guarantee
&g ¢=0). But this contradicts the assumption that the second stage is
reached. Notice that what is exploited here is an “open set” problem: An
agent incorrectly announcing a deception would like to be as close as
possible to the truth, without reaching it. ||

The three lemmas imply that every perfect Bayesian equilibrium has the

following characteristics:
1. agent 2 tells the truth;
2. agent 1 does not report a deception.

Once these facts have been established, it is immediate to observe that
we can apply the same argument to agents 2 and 3, and then inductively
to all agents up to the pair (n—1, n). This allows us to conclude that in
every perfect Bayesian equilibrium:

1. agents 2, 3,.., n tell the truth;
2. agents I, 2,.., n—1 do not report a deception.

The last step is to recognize that Lemmas 1, 2, and 3 can now be applied
to agents 1 and n: agent 1 must tell the truth in every perfect Bayesian
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equilibrium, since otherwise agent n would denounce her, and agent n can-
not be reporting a deception when agent 1 tells the truth. We conclude that
truth-telling is the only equilibrium. ||

Remark. The mechanism does not include integer or modulo games,
but there is one point in the proof in which an “open set” trick is used. The
problem is in eliminating the equilibria in which every agent is correctly
reporting the type, but at the same time every agent claims that an
untruthful deception is used (Lemma 3). To understand the point better,
consider the case n =2, and suppose that agent 2 is announcing correctly
her type but is also (incorrectly) claiming that an untruthful deception is
used by agent 1. If agent 1 does not announce that agent 2 is using an
untruthful deception then agent 2 ends up being i * and agent 1 is j*, so
that she has to pay the penalty K. In order to avoid the penalty, agent 1
should claim that an untruthful deception is used by agent 2. This is turn
makes it optimal the strategy of agent 2. Thus, there scems to be an equi-
librium in which both agents are reporting correctly their types and at the
same time incorrectly denouncing untruthful reporting by the other agent.
The reason why this is not an equilibrium is that agent 1 has no best
response to agent 2. Given the payoff structure, agent 1 would like to go as
close as possible to the real reporting strategy (i.e., truth-telling) of agent 2,
but at the same time she has to claim that 2 is not reporting truthfully.
There is therefore an “open set” problem, and no best response exists for
agent 1. This makes sure that the proposed strategy profile is not an equi-
librium.

APPENDIX

This appendix briefly reviews the results contained in Crémer and
McLean [2] used in the text. It is only intended to help the reader to go
through the paper without having to reach the original article.

The first theorem provides conditions for the existence of a mechanism
having an equilibrium in dominant strategies yielding the FSE outcome.

THEOREM | (CM1). An information structure (S, n) guarantees full
extraction of the surplus by a dominant strategy auction if and only if for
each agent i there do not exist { p’(s’)} sicsi, not all equal to zero, such that:

Y opisHa(s™ s =0  forall sT'eS"
sie s!

The mechanism used for implementation is a second price auction
augmented by a lottery depending only on the announcements by other
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agents. The condition in CMI1 is a spanning condition that enables the
seller to build, for each agent i, a lottery H, (s—‘) having for each type s°
an expected value equal to the expected surplus in a second price auction.
The second theorem provides conditions for the existence of a
mechanism having a Bayesian equilibrium yielding the FSE outcome.

THEOREM 2 (CM2). An information structure (S, n) guarantees full
extraction of the surplus by a Bayesian auction if and only if for each agent
i there does not exist s'€ S* and a family {p'(t')} ic si\g Such that:

(@) pi(t)=0 for all e S*\s’, and
(b) w(s™'|s)=ieg pi () m(s™ | ) for all s~ S~

The condition is similar to the one for dominant strategy implementa-
tion, but we now allow for the lottery to depend on the announcement of
agent i. It assures that for each agent i and type s’ it is possible to build
a lottery, possibly depending on the announcement of agent i, such that
truthtelling is optimal (i.e., by announcing a different type the agent is
never better off ) and the expected payoff is zero.

When the condition is satisfied, the Farkas’ Lemma ensures that for each
i we can find a function /;(s) such that

Yo ow(sT s hy(sh, s =0, (2)
s~les—i

Yo oalsT ) hy(sh, sT) <. (3)
sTles—i

Define now
Hy(s)= ) w(t7"|s") p'(s’, 17 wi(s") — 0'(s") hy(s)
t—ies—i

where p' are the function obtained when the efficient allocation is
implemented and each 0’ (s°) is a real member. Then 2 implies that, when
the other agents are truthtelling, announcing the truth yields:

Y ale SO s ) wis) — Hils' s 7] =0,
t—ies—i
Notice that this is true independently of the choice of # (s%). This implies
that we can choose the 0 (s') large enough so that
Y me TP (s ) i) — Ho(s', s7)]1<0
eSS

for each ' 5"
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