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Cost minimization and regulation in general equilibrium:
an example
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Abstract

We present a general equilibrium example in which cost minimizing behavior prevents the economy from reaching the
Pareto optimal allocation. In the example a firm with non-convex technology can use two different inputs to produce a single
output. Pareto optimality requires that the firm use the more costly input, and it is therefore impossible to achieve the
optimum when the firm minimizes costs.  1999 Elsevier Science S.A. All rights reserved.
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1. Introduction

The literature on the regulation of firms with increasing returns to scale (or, more generally,
non-convex technologies) in a general equilibrium framework has focused on the existence and
optimality of an equilibrium when some firms are forced by an external entity to follow pre-specified
pricing rules (see e.g. Bonisseau and Cornet, 1988; Brown, 1991; Villar, 1994).

The extent of regulation considered in many papers belonging to this literature can be deemed
excessive. In general, for example, the pricing rule imposed by the planner does not allow for cost
minimization by the firm. An exception is Dierker et al. (1985). These authors propose a general
equilibrium model in which non-convex firms are allowed to minimize their cost under the constraint
that they satisfy demand, and the planner only dictates the prices of goods produced by non-convex
firms. They prove the existence of an equilibrium under (among others) assumptions on the pricing
rule followed by the planner and the technology of non-convex firms, but they do not consider the
problem of optimal regulation.

When firms are not required to minimize cost, we know that Pareto optimality can be attained using
marginal cost pricing. More exactly, we know that every Pareto optimum can be obtained as a
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marginal cost pricing equilibrium (see Kahn and Vohra, 1987). The question is whether we can find a
similar result when firms are allowed to minimize cost. Notice that we are not restricting attention to
the marginal cost pricing rule. We want to know whether there is any pricing rule such that, when
firms minimize costs, a Pareto optimum can be attained as an equilibrium.

This paper shows that the answer is no. We assume that the planner is only allowed to set prices for
the output of the regulated firm and then prescribes that the firm is obliged to satisfy the demand
existing at that price. However, the planner allows the regulated firm to select the input vector as it
desires, and we will assume that inputs are selected to minimize the cost of producing the output. In
this framework, we present an example in which cost-minimizing behavior is incompatible with
Pareto efficiency, for any pricing rule chosen by the regulator. It is therefore impossible to attain a
Pareto optimum unless the planner is allowed to interfere in the choice of inputs of the firm.

2. The example

There are three goods in the economy, x, y and z, and only one consumer with utility function U(x,
y, z) 5 xyz. The consumer is endowed with v units of good x and v units of good z, and it will bex z

assumed 2v . v $ v . 0. There is no endowment of good y. However, y can be produced throughz x z

the following production function:

o I Iy 5 maxhx , z j

I I owhere x and z denote the quantity of x and z used as input, and y is the level of output. The Pareto
optimum of this economy is computed solving the program

o d dmax y x z
o d I d Iy ,x ,x ,z ,z

s.t.

o I Iy 5 maxhx , z j

d Ix 1 x # vx

d Iz 1 z # vz

d d I d IThe solution is y 5 x 5 x 5 v /2, z 5 v and z 5 0.x z

We will now show that there is no equilibrium price vector supporting this allocation when the firm
o I Iminimizes cost. Assume that the firm production vector is y 5 (v /2), x 5 (v /2) and z 5 0. Thenx x

the income of the consumer is:

vxo I
]Y 5 p v 1 p v 1 p y 2 p x 5 ( p 1 p ) 1 p vs dx x z z y x x y z z2

Y Y Yd d d
] ] ]and demands are given by y 5 ( ), x 5 ( ) and z 5 ( ). It is obvious that in the equilibrium3p 3p 3py x z
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supporting the Pareto optimal allocation all prices have to be positive, so that any good can be chosen
´as numeraire. Setting p 5 1 we obtain the following equilibrium prices:y

o o vy y x
]]] ]]] ]]p 5 5 1 p 5 5 (1)x I z I 2vv 2 x v 2 z zx z

The important observation is that in this equilibrium we have p , p , but the firm uses input x, whichz x

is more expensive, rather than input z. Therefore the Pareto optimal allocation cannot be supported as
an equilibrium when the regulated firm is allowed to minimize cost.

What level of production can be supported when the firm minimizes cost? First, it is easy to check
that we have the (terribly inefficient) no-activity equilibrium:

d o d I d Ip 5 1 p 5 p 5 0 y 5 y 5 x 5 x 5 z 5 z 5 0y z x

The consumer has zero income, so she cannot buy the first unit of y. Without a positive amount of y,
the goods x and z are worthless, so that p 5 p 5 0 is justified. This is the same equilibrium thatz x

would obtain if no production possibility existed.
I o IIt is impossible to support equilibria in which p . p . This would imply z 5 y and x 5 0, whichx z

o o oin turn implies y /v . y /(v 2 y ), or:x z

oy , v 2 v # 0.z x

oOn the other hand, many levels of y can be supported when the input is x. This requires p # p orx z
o o o o oy /(v 2 y ) # y /v . Therefore, all levels of y satisfying y # v 2 v can be supported as equilibria.x z x z

oHowever, since we have assumed v , 2v it is clear that y 5 v /2 cannot be supported. We alsox z x

observe that in the case v 5 v the only equilibrium when the firm minimizes cost involves zerox z

production. A planner trying to rule out this equilibrium imposing some pricing rule would cause a
non-existence problem.

The impossibility of reaching the Pareto optimum is entirely due to the cost-minimizing behavior of
the firm. As previously observed, we know from Kahn and Vohra (1987) that in the presence of
non-convexities Pareto optima can still be reached as marginal cost pricing equilibria, which are
(roughly) situations in which the vector of inputs and outputs chosen by the firm is such that the price
is equal to marginal cost. This is the case in our example as well. The Pareto optimal allocation

I d d Iy 5 x 5 x 5 v /2, z 5 v , z 5 0 is supported as a marginal cost pricing equilibrium by the pricesx z

computed in (1), that is:

vy y x
]]] ]]] ]]p 5 1 p 5 5 1 p 5 5y x I z I 2vv 2 x v 2 z zx z

The firm is using x as input, so that marginal cost equals the price of output. However, the firm is not
minimizing cost.

3. Comment

The basic ingredient of the example is that the firm is ‘large’ with respect to the economy, and its
choice of inputs has a strong impact on the equilibrium price. In the example the firm has to choose
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between two alternative inputs, but whenever the ‘correct’ input is chosen its equilibrium price must
be greater than the one of the input which is not chosen. The particular technology used in the
example emphasizes this effect, since production efficiency requires the firm to use only one input.
More in general, situations in which cost minimization by the regulated firm makes it impossible to
achieve Pareto efficiency for any possible pricing rule appear to be likely in cases in which the choice
of the input vector has a significant impact on the equilibrium price.

4. Conclusion

We have provided an example showing that in general equilibrium models with non-convex
technologies it may be impossible to reach a Pareto optimal allocation if firms are allowed to
minimize cost. While there are many examples in the general equilibrium literature in which
inefficiencies appear when firms have non-convex technologies, such examples are usually linked to
specified pricing rules. Our example shows instead that, in the presence of cost minimizing behavior,
every pricing rule is bound to produce inefficiencies.

References

Bonisseau, J.M., Cornet, B., 1988. Existence of equilibria when firms follow bounded losses pricing rules. Journal of Mathematical
Economics 17, 119–147.

Brown, D.J., 1991. Equilibrium analysis with non-convex technologies. In: Hildenbrand, W., Sonnenschein, H. (Eds.), Handbook of
Mathematical Economics, Vol. IV, North-Holland, Amsterdam, Chapter 36.

Dierker, E., Guesnerie, R., Neuefeind, W., 1985. General equilibrium when some firms follow special pricing rules. Econometrica 53,
1369–1393.

Kahn, M.A., Vohra, R., 1987. An extension of the second welfare theorem to economies with non-convexities and public goods. Quarterly
Journal of Economics 102, 223–241.

Villar, A., 1994. Equilibrium with non-convex technologies. Economic Theory 4, 629–638.


