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Risk and beta, Returns and the CAPM/APM

Return and Risk for Individual Securities

· Expected Return for some asset A is the average return asset A is expected to receive over N periods. The expected return E(R), in each period t, is the probability weighted return for the period. t takes on values from 1 through N.
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· Variance of the asset over N periods is then given by:
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Standard Deviation = (A = ((A2)1/2

· State Contingent Statistics: Each of these statistics can be calculated for a state of nature j where j = Boom, Normal, Recession, Depression, etc.
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· Covariance: shows how deviations from means of each variable are related to each other.
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· Correlation: This provides information that is similar to Covariance but it normalizes Covariance by adjusting for the standard deviations of each of the assets.  Comparing the correlation between some assets, say A and B and B and C, is more valid (statistically) than comparing covariances between them.
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Systematic & Unsystematic/Idiosyncratic Risk
· The risk on every asset can be divided (theoretically) into the systematic component and the unsystematic/idiosyncratic risk.  

· Systematic risk: the risk that affects ALL assets in a particular market.  Thus, all assets that are part of that market must provide a premium for this type of risk.  Examples of this: risk of sudden changes in interest rates due to Fed policy, risk of sudden changes in Oil prices, risk of sharp decreases in GDP or sharp increases in inflation, etc.

· Unsystematic/Idiosyncratic risk: the risk that affects only the firm (and therefore the assets floated by that firm).  Examples: recall of Firestone tires, takeover of Honeywell by GE, change of CEO for Gillette, etc.

· Diversification (the short version): diversifying your portfolio helps average out non-systematic risk since some company in your portfolio will do better (e.g., Honeywell due to the takeover) while another might fare badly (e.g., Firestone).  Thus, you can lower (theoretically, you can eliminate) unsystematic risk.  However, you CANNOT eliminate systematic risk since all assets in that market have that risk and therefore holding more assets will not diminish its importance.

· When there is some change in the economy that matters, assets – and therefore markets (measured by the Dow, S&P 500, etc.) – respond.

· However, the change in the return on an asset is seldom exactly equal to the change in the market index.  Thus, the Dow may show a higher or lower change than a particular asset that is included in the Dow when, say, the Fed changes interest rates.  The concept of ( captures this idea.

Return and Risk for Portfolios

· Expected Return on a Portfolio: The expected return on a portfolio is a weighted sum of the expected returns on individual securities.  The weight ((i) assigned to each asset in a portfolio corresponds to the (dollar) proportion of the asset in comparison to the portfolio and it multiplies the expected return (Ri) on asset i.  Obviously, the weight assigned to that asset will depend on when the analysis is carried out since asset values will keep changing relative to each other. 
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where k is an asset in the portfolio and (k(k = 1

· Variance of a Portfolio: Similarly, the variance of the portfolio is given by:
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So that Varportfolio = (2portfolio = sum of cells in the matrix

· While the first description of Varp is easier for a smaller number of assets, the matrix representation is easier when the number of assets is large.

· Diversification Effect: The diversification effect says that the Standard Deviation of a portfolio is generally lower than a weighted sum of the Standard Deviation of the individual assets in the portfolio (unless the correlation ( among those assets is exactly equal to 1).  

· The following mathematical manipulation helps in understanding the diversification effect.  Remember that:









(AB = ((AB)/((A ( (B) ( (AB = (AB(A(B






so that the covariance incorporates the correlation as well as the standard deviation (and therefore the variance) of assets A and B (if the portfolio is composed only of assets A and B).

· Then, the standard deviation of the portfolio (composed only of assets A and B) can be rewritten as:

(P 
= ((P2)1/2 = [(A2(A2 + (B2(B2 + 2(A(B(AB]1/2





= [(A2(A2 + (B2(B2 + 2(A(B (AB(A(B]1/2


The highest value that ( can take is +1.  In the case that ( = 1, we have



(P 
= [(A2(A2 + (B2(B2 + 2(A(B(A(B]1/2







= [((A(A + (B(B)2]1/2 = (A(A + (B(B
Thus, when ( is at its maximum value of 1, the standard deviation of the portfolio is EQUAL to the weighted sum of standard deviations of the individual assets in the portfolio.  Obviously, if ( < 1, then the standard deviation of the portfolio be LESS (since 2(A(B(AB(A(B < 2(A(B(A(B when (AB < 1) than the weighted sum of the standard deviations of the individual assets.  This is the crux of the diversification effect.

Efficient Set for 2 Assets

   Expected Return for Portfolio







   Asset A



     MV


          Asset B

       Standard Deviation

· The ‘efficient set’ represents the set of portfolios that provide the best return (for a given () to the investor.  The ‘efficient set’ is the upper contour to the right of the (minimum variance) MV point.  Any point in this set represents a combination of the assets that provides the best yield.  Being at the end-points of the curve (or the line) would mean that you hold only asset A or asset B but not a combination of the two.  This is NOT a subjective evaluation but a purely statistical one. It does NOT depend on the risk-aversion of the individual.

· The efficient set for two assets is above the straight line connecting the two asset positions on the graph as long as the correlation between the two assets is strictly less than 1.  If (​AB​ = 1, then the efficient set for the composition of the portfolio is the straight line itself. To see this, pick any point on the line joining assets A and B. This point will have a standard deviation equal to some (C. Now, construct a portfolio using assets A and C so that the portfolio has the same standard deviation, i.e. a standard deviation of (C. Since the portfolio has two risky assets (assets A and B) rather than just one risky asset (asset B), the return on the portfolio will HAVE to be significantly higher than the risk on asset C. This is because the total risk of the portfolio at that point will be lower than the sum of the risks of assets A and B at that point (due to the benefits of diversification).

· From the diversification effect, it is obvious that the point of minimum variance (MV) involves holding some combination of both assets rather than simply holding the asset with the lower variance.  However, as is intuitive, the proportion of the portfolio held by the asset with the lower variance will be higher at this point.

· Any point on the ‘efficient set’ is a combination of assets that have some risk. Such portfolios are called ‘Markowitz Portfolios’. They are efficient in the sense that they maximize the expected return given the risky assets. However, note that the investor can also include the risk-free asset in his/her portfolio. Combining the risk-free asset and other risky assets leads the investor to higher returns than would have been possible with just the risky assets.

Efficient Portfolios and the SML

   Expected Return for Portfolio





 
      SML






    RF

      

        Standard Deviation

· Any point on the lines drawn below show a combination of ( and expected return from a portfolio consisting of the assets in the set and the risk-free asset.

· The Risk-Free Rate of Return in an economy is the return on some base-line asset that does not vary theoretically with other changes in the economy (i.e., the standard deviation is theoretically set equal to 0). Practically, this asset has low variability and no default.  Of course, for the US economy, the ideal candidate is the rate on US T-Bills.

· RF line: Any point on this line shows a combination of assets that provides an expected return equal to the risk-free rate of return.  If an investor wants safety and some return, he/she will hold only the risk-free asset and earn RF.  All other assets will have strictly positive ( and therefore must provide an expected return that is strictly higher than RF.  Thus, combining the risk free asset with any other asset must provide an expected return that is strictly higher than RF ( any portfolio that lies on the RF line is inefficient.

· The Security Market Line (SML) provides the set of asset allocations in a portfolio that satisfy the ‘efficient set’ since the SML is tangent to the ‘efficient set’.  A combination of assets on the SML thus yields a return that properly compensates the investor for the risk of the assets in that portfolio.  Any point above the SML is not achievable and any point below the SML is sub-optimal.  This is because one can create a portfolio on the SML with the same standard deviation as an asset (or portfolio) that lies below the SML but the portfolio but the portfolio on the SML will provide a higher expected return. 

· The argument earlier (for RF) can be repeated for any line that lies between the RF line and the SML.  For any such line, the expected return may lie on the ‘efficient set’ but the expected return does not adequately compensate the investor for risk.  This can be demonstrated best by comparing expected returns on an asset (or portfolio) along any other line besides the SML and the expected returns on an asset (or portfolio) along the SML.

· Basically, the SML is the combination of the ‘Markowitz set’ through the diversification effect with the availability of a risk-free asset.  Thus, any portfolio may be viewed as different combinations between the ‘Markowitz set’ of securities and the risk-free asset.

· Any asset or portfolio below the SML is therefore priced too high and its price will have to drop (so that the expected return increases) till it becomes a point on the SML.

· The SML calculation is completely analytical and objective.  It has nothing to do with the risk-aversion or other personal preferences of an individual.

· Risk-averse investors will pick portfolios that lie more to the left.

 Calculating (


         Return on Asseti









        Hi (
              Negative ( 
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· The degree to which the expected return on an asset must change in response to change in some factor of systematic risk is measured by (.  Thus, ( is the response of a particular asset (or a portfolio) to changes in some factor that is a source of systematic risk.  

· The factor being discussed may be something like the level of interest rates in the economy, the level of GDP or the level of inflation.  Another way of looking at sources of systemic risk is to simply compare the change in the expected return on the asset to movements in market indices like the S&P 500 or the Dow (which measure certain collections of assets).  Presumably, these indices respond to changes in sources of systemic risk and correlating changes in asset values to changes in the index is quite straightforward.

Calculating (
· How is ( calculated?  Data from the past is collected on the return on the market (measured by an index like the S&P 500) and the return on the asset (say GE). Data taken over a period of time will show the response of the S&P 500 as well as GE to periods of good growth, recessions, etc.  Each pair of data (return on S&P 500 for Jan92, return on GE Jan92) is plotted. What you get at the end is a scatter plot of these data points.

· Using a computer program, the line that fits this scatter plot the best is drawn (anyone with some background in econometrics should see this as a regression line).  This line is called the characteristic line for that asset.

· The slope of the characteristic line defines the ( value for that asset. 

· 
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· One useful property is that the weighted sum of ( values (weights determined by the proportion of asset value to the total value of the market) is 1 ( 
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Basic Structure of Models

· Different types of models:

· The Capital Assets Pricing Model (CAPM)

· The k-factor model and market models
· The Arbitrage Pricing Theory (APT)

· Each model has some similarities:

· Explains expected return on assets

· identifies one or more factor of systematic risk and links the expected return of the asset to this factor of systematic risk via the ( 

· The differences are better seen after all three models have been presented.  

The Capital Assets Pricing Model (CAPM)

· The CAPM does actually determines the ‘return’ on asset rather than the price it is to be traded at in the market.  However, the price that this asset should trade at is determined by the expected asset that the asset will have to provide in order to induce investors to buy it.  Thus, if the CAPM says that the asset should provide an expected return of 14% and the expected return at the going price is only about 12% then the price of the asset in the market will have to drop in order to provide a better expected return.

· The expected return on the market is given by:

E(RM) = RF + Risk Premium

The risk-premium on the market is generally a historic one.  Ross, Westerfield and Jaffe have used the 1926-1997 data for the expected return on common stock (13.0%) and the average risk-free rate over that period (3.8%) to calculate the approximate risk-premium of 9.2%.  Further, the risk-free rate is approximated by the yield on a T-Bill.  If this yield is 4% (October 2000), then the expected return on the market is 4 + 9.2 = 13.2%

· Remember that the ( of an individual security measures the movement of the asset value with respect to changes in the value of the market. We will use this relation to state the basic equation of the CAPM

· The CAPM equation:
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· Implications:

· The first specification measures the expected return on asset i and says that this is equal to the sum of the risk-free rate RF and the risk-premium due to the asset’s response to systematic risk.

· The second specification measures the risk-premium that an asset i should pay.  It shows that the link between the asset and the risk-free rate can be decomposed into the link between the asset and the market (measured by () and the link between the market and the risk-free rate (measured by the difference between the expected return on the market and RF)

· The expected return of an asset is positively related to its ( (since RF is positive and the expected return on the market should exceed RF as well).  A higher ( implies greater response of the asset i to changes in the market ( higher volatility for asset i ( higher compensation required to persuade investors to hold that asset ( higher expected return must be provided by asset i
· The CAPM equation applies readily to portfolios as well.  The ( for a portfolio is simply a weighted sum of the ( values for the assets in the portfolio.  Thus, for a portfolio of assets A and B only, we have:
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Multi-Factor Models

· We can write the return on an asset (denoted by R) in terms of expected return (given by E(R)) and unexpected return (given by U)

 
R = E(R) + U

Further, U can be expressed as a sum of the non-diversifiable risk (m) and diversifiable risk (() components so that:
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· Now consider two assets A and B with returns RA and RB.  The covariance between these two assets is given by:
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where (AB = (Am = (Bm = 0 since the unsystematic risk element is uncorrelated with any other stochastic element. 

· The response of the return on an asset to a movement in the market (or factor) can be determined using the relation between the ( and market (or factor).  Thus, using the Standard & Poor 500 index as a proxy for a market portfolio, we can write 
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· This allows us to write the k-factor model as:
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where individual ( values are defined for each factor (F) of systematic risk.  The total number of factors that affect the return on an asset depends on the asset in question.

· The single-factor model can be written as:
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where the S&P 500 index is taken to be a single factor.

· Note that Multi-factor models usually take macroeconomic factors as sources of market risk. These models simply use a standard list of macroeconomic variables.

· The Arbitrage Pricing Model (described below) will be seen as similar to multi-factor models and its structure does look similar. However, one of the important differences (to be kept in mind as you read about the APM) is that the APM does not just pick a pre-selected list of macroeconomic variables but uses complex statistical methods to identify factors that are relevant market factors from the point of view of the asset in question. However, as a counter-argument to the implied superiority of the APM, most macroeconomic variables will be important to individual assets so that using them as sources of market risk is quite a convincing argument.

The Arbitrage Pricing Theory (APT)

· The basic equation for the APT may be written as:
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where E(Ri) is the expected return on an asset (or a portfolio) whose ( with respect to the ith factor is 1 and the ( with respect to all other factors k ( i is 0.

· Thus, the APT seems to be some kind of hybrid between the multi-factor model and the CAPM since it has elements of both.

· Statistically speaking, the APT adds factors to the model till the unsystematic risk of one asset is uncorrelated with the unsystematic risk of all other assets.  The unsystematic risk is (again, statistically speaking) basically that part of the return on the asset that is not explained by all the factors that are considered.  Econometricians would call it the ‘error’ term.

· Is the APT better than the CAPM?  Theoretically, the APT is superior but, practically speaking, the superiority depends on whether the factors affecting the return on a particular asset can be accurately identified, the ( for that factor be accurately calculated and whether an (almost) exhaustive list of such factors can be created.
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