
Finite Horizon Consumption/Saving problem with Capital Uncertainty
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In this notewe derive theclosedform solution of thefinite horizon version of Phelps(1962) consump-
tion/saving problem assuming a CRRA util ity function. Our derivation is alsoclose in nature to the one
performed in Levhari andSrinivasan (1969). We canagainsolve this problem relying on DynamicPro-
grammingandBellman’s principle of optimality, usingbackwardinduction. In thelastperiod of life agents
solve
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whereγ is the coefficient of relative risk aversion andK is the bequest factor, characterized asa number
betweenzeroandone.1 By derivingthefirst order condition with respect to consumption it is straightforward
to showthat
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we canthenwrite theanalytical expressionfor thelastperiod valuefunction:
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Thentheproblemthatagents solve in thenext to lastperiod of life is:
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Usingthepreviousresults we canwrite
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Here in order to derive the first order condition with respect to consumption we assume,as in Lavhari
andSrinivasan(1969), that the valuefunction is differentiable andthat the differential andexpectedvalue
operatorscanbeinterchanged.The f 
 o 
 c is then,
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Thensomealgebraicmanipulation allows usto write the f 
 o 
 c as
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1 We alsofollow in thiscasethe“egoistic” modelof bequests.
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Somemoretediousalgebra leadsto thefollowing expressionfor thedecision rule in thenext to lastperiod
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thatcanberewritten as
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Assumingnext thattheinterest rate,r̃ , follows a log-normaldistribution with meanµ andvarianceσ2, then
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We thensubstitute backin theformulafor cT � 1 andobtain
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giventhesimilarity with expression(8) in thetext it is easyto seehow backwardinduction would leadusto
thedecision rulesfor therestof theperiods,for examplewe canwrite cT � k as
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Wecanalsoseethat if γ is equal to 1 we arebackto thelogarithmic utili ty caseandtheexpressionfor cT � 1

above is equivalentto (8), which is a special caseof theexpressionabove. It is alsoimportant to emphasize
that this expression is the finite horizon counterpartto the oneobtainedin Levhari andSrinivasan (1969)
oncea bequestmotive is introduced,andthat their results regarding the effects of uncertainty (decreasing
proportion of wealthconsumedastheuncertainty growsif γ # 1) go through in this case.
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