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In this notewe derive the closed form solution of thefinite horizon versian of Phelps(1962 consump-
tion/saving problem assuming a CRRA utility function. Our derivation is also close in natue to the one
perfomedin Levhari and Srinivasan (1969). We canagainsolve this probdem relying on Dynamic Pro-
grammingandBellmaris principle of optimality, usingbadkwardindudion. In thelastperiod of life agens
solve
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wherey is the coeficient of relative risk aversion andK is the bequet factor, charaterized asa numbe
betweerzeroandone! By derivingthefirst order condtion with respetto consumptian it is straghtforward
to showthat
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we canthenwrite the analtical expressionfor the lastperiod valuefunction:
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Thentheproblemthatagerts solve in the next to lastperiod of life is:
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Usingthe previousresuts we canwrite
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Herein orde to derive the first order condtion with respgect to consumption we assumeasin Lavhati
and Srinivasan (1969), that the value function is differentiade andthat the differentid andexpeced value
operfatorscanbeintercharged. The f.o.cis then
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Thensomealgebraic manipuation allows usto write the f.o.c as
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1 We alsofollow in this casethe “egoistic” modelof bequssts.




Somemoretediousalgelra leadsto the following expressionfor thedecisbnrule in the next to lastperiaod

Cr1 = 1 i 1 17 >
1+7 [E(F)]Y [1+K]

thatcanberewritten as
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Assumingnext thatthe interest rate,f, follows alog-normaldistribution with meanu andvariance @, then
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giventhatE(f) = etz anddending E(f) ast we canwrite
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We thensubditute backin theformulafor ¢-_1 andobtain
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giventhe similarity with expression (8) in thetext it is easyto seehow backvardinduction would leadusto
thedecison rulesfor therestof the periads, for examplewe canwrite ¢ _ as
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We canalsoseethatif yis equd to 1 we arebackto thelogarithmic utility caseandthe expressionfor 1
aboveis equvalentto (8), which is a specid caseof the expressionabove. It is alsoimportart to emphaize
that this expression is the finite horizon counerpartto the one obtanedin Levhari and Srinivasan (1969
oncea bequestmotive is introduced,andthattheir resuts regardng the effects of uncertairty (deceasirg
proportion of wealthconsumedasthe uncetainty growsif y > 1) go throughin this case.



