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ABSTRACT. We study a two stage game in which a transnational terrorist organi-
zation interacts with an arbitrary number of countries that may differ in their political
or economic power, their military effectiveness, the benefit from cooperating against ter-
rorism and the value they assign to damage. Only a subset of countries that emerges
endogenously takes proactive measures to fight the terrorist, while all countries incur de-
fensive expenditures to protect their soil. We characterize analytically the pure strategy
subgame perfect equilibrium of the game and show how the equilibrium strategies depend
on the key model parameters. We provide an algorithm to find the endogenous set of co-
operating countries based on their benefit from cooperation and their political/economic
power.
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teractions, Conflict Resolution.
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1. INTRODUCTION

The study of terrorism has been an active field of research since the early 1970s, with a strong
increase in interest after the events of 9/11. Recently, a growing number of researchers have
applied game theory to study transnational terrorism.! However, important questions have
been left unaddressed.? For example, a crucial normative issue is the determination of the
level of counterterrorist measures that countries should implement, depending on their spe-
cific characteristics, such as the benefit they obtain from cooperating against terrorism, their
military effectiveness or their political/economic power. In addition, examples of empirical
facts that have been left unexplained, like why only a coalition of countries and not all of
them proactively fights terrorism. In the present paper, we build a model to analyze these
issues. In particular, we characterize which coalition of countries emerges endogenously to
fight terrorism.

Our framework captures the strategic interaction of transnational terrorist organizations,
such as Al-Qaeda, with an arbitrary number of countries that are potential targets for ter-
rorist attacks. It differs from the literature in several important aspects. First, it assumes
that both the terrorist organization and the countries act strategically. Whereas the terrorist
organization chooses the optimal allocation of resources to attack the countries, countries can
take proactive and defensive measures against the terrorist organization. Tracking the ter-
rorist assets or invading and destroying their bases are some examples of proactive measures
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used by countries to aggressively fight terrorism. Strengthening border and transportation
security, preparing for biological and chemical attacks and protecting energy supply lines are
examples of defensive measures, which are used to reduce the vulnerability of potential home-
front targets against terrorist attacks. Second, countries can have different characteristics
that influence their optimal decisions and determine endogenously which ones proactively
fight the terrorist and which are a better target for a terrorist attack. In particular, coun-
tries can differ in their political/economic power, their military effectiveness, the benefit that
each one obtains from cooperating against terrorism and their valuation of casualties and
damage that can be inflicted on them upon a successful terrorist attack. It is assumed that
all countries are potential targets for a terrorist attack, whether or not they proactively fight
the terror organization.

The game has two stages. In the first stage, a predetermined subset of countries choose
independently and simultaneously their proactive effort levels. As a result, the initial re-
sources of the terrorist are downgraded to a level that depends on their combined efforts. In
the second stage, the terrorist allocates its remaining resources to attack the countries while,
at the same time, the countries choose their defensive measures. It is important to note that
we do not study a zero sum game. For any country, the payoff is assumed to decrease with
the magnitude of the damage caused by a successful terrorist attack and the costs that it
incurs when exerting counterterrorism measures. Further, it increases in the benefit that
this country obtains from cooperating against terrorism. As for the payoff of the terrorist
organization, the definition of its ultimate objective is a complicated and debated issue. In
this paper, we focus on its intermediate goal, which we believe is to increase the number of
its supporters, as they constitute most of the resources of the organization.? In particular,
we assume that the organization seeks to achieve its goal by inflicting the highest possible
level of damage through successful attacks, since this directly translates into publicity and
thereby attracts more followers.* This aspect is consistent with the empirical evidence that
successful attacks stimulate the recruitment of terrorists.

We start by analyzing the case in which the benefits from cooperation against terrorism
are all non-negative. In this case, we show that there exists a unique pure strategy subgame
perfect equilibrium of the static game. Further, the equilibrium strategies are characterized
as a function of the key model parameters. Some of the interesting findings are as follows.
First, a country that assigns a relatively high value to casualties and damage will exert
higher proactive efforts and sufficiently high defensive measures so that the terrorist allocates
a smaller proportion of his resources to attack this country. Second, a country is better
off having a higher benefit from cooperating against terrorism and all countries are better
off even if the benefit from cooperating is higher for just one country (but not lower for
the others). In this case, this latter country exerts a higher proactive effort that reduces
the expected damage that the terrorist can inflict. Third, a country is better off if it has
a lower political/economic power, since it is a less attractive target for the terrorist and
can free ride on other countries by exerting lower counterterrorist efforts. We also find
that a country that is militarily ineffective is in general worse off, since it is subject to
higher expected damage. In this case, the country also free rides on other countries by
substituting some of the proactive effort with defensive actions.These findings are consistent
with empirical evidence, that smaller countries tend to rely on efforts of more powerful and
militarily effective countries when the terrorist threat is common to all. Surprisingly, we

3This is consistent with the empirical evidence that common types of terrorist attacks, such as the ones
implemented through skyjackings or bombings, do not use costly physical resources, as documented by Enders
and Sandler (2006) and the Economist (2003).

1Faria and Arce (2005) argue that each terrorist success makes it easier for groups such as Al-Qaeda to
recruit new members. The impact of media coverage on the economic damage of terrorist attacks is studied
in Melnick and Eldor (2006).



also find situations under which the payoff of a country may increase when it becomes less
effective militarily, provided that the initial terrorist resources are sufficiently high and the
country is not too powerful in political/economic terms. Under the latter two conditions,
the saving in military costs offsets the increase in defense costs. Next, we compute the
cooperative outcome in which the countries that take proactive measures act jointly so as
to maximize their total payoffs, while all countries continue to choose their defensive efforts
independently. It is shown that each country in the cooperating group increases its proactive
effort, while all countries decrease their defensive effort. This implies that in the cooperative
solution countries who do not proactively fight terror free ride more on other countries than
in the non cooperative solution.

One of the most important contributions of the paper is the endogenous formation of
the coalition of countries that proactively fight the terrorist. Every country with a positive
benefit from cooperation will belong to this coalition. However, we show that some countries
with a negative benefit from cooperation (for example countries where the majority of the
population oppose a war against terrorism) may still proactively fight the terrorist, since
they constitute an attractive target for the organization. A simple algorithm to find the
coalition of countries that proactively fight the terrorist is provided. This set is determined
by the ratios of the benefit countries obtain from cooperation to their political/economic
power. The countries are ranked according to these ratios and a cutoff level (which may be
negative) is endogenously determined. Only countries with a ratio above this level will be
proactive. We show that even countries with a negative benefit from cooperation may belong
to this coalition if their political/economic power is large.

As mentioned above, our work relates to the literature on terrorism and game theory,
which has studied issues such as government concessions (mostly regarding hostages), the
terrorists’ choice of a target and the governments’ counterterrorist responses.” In particular,
we relate more closely to the literature on counterterrorism which has mostly studied two
country 2 by 2 games in which the terrorist is not a strategic player (see e.g. Lee (1988)
and Arce and Sandler (2005)). Only recently several authors have analyzed extensive form
games. For example, Sandler and Siqueira (2006) study a model in which two targets choose
independently defensive measures (version 1) or proactive measures (version 2) against the
non-strategic terrorist organization. While the level of these measures determines the prob-
ability of successful attacks, they are not chosen optimally. Bandyopadhyay and Sandler
(2009) (B-S hereafter) study a two stage game of counterterrorism where both proactive and
defensive measures are taken by two countries with a common terrorist threat. There are
significant differences between their paper and the present one. Our model deals with an
arbitrary number of countries, while B-S consider only two. We make the terrorist and the
targeted countries active agents, while B-S assume that the terrorist is not strategic. In
contrast to our model, B-S allow countries to have foreign assets. This curbs the desire of
the home country to shift attacks abroad through enhanced defense. Moreover, it increases
the desire of countries for proactive measures, since a country may be at risk at home and
abroad. Finally, we endogenize the subset of countries that proactively fight terrorism based
on their benefit from cooperation and political/economic power.

Rosendorff and Sandler (2004) study a static two player game in which the government
chooses first the proactive effort level and the terrorist chooses afterwards the type of attack
(normal or a spectacular). Trajtenberg (2006) studies a model with three sectors: a non
strategic terrorist, targets in a given country that choose defensive measures and a govern-

’Some of the earlier papers include Atkinson, Sandler and Tschirhart (1987), Lapan and Sandler (1988),
Sandler, Tschirhart and Cauley (1983), Sandler and Lapan (1988) and Selten (1988). Recently, Bueno de
Mesquita (2005a, 2005b) uses a formal model to study the strategic interaction between terrorists and the
government, with the focus on government concessions. In addition Lowenberg and Mathews (2008) the
government’s decision on how to allocate protective measures across different targets within a single country.



ment who chooses the proactive effort level. The battle between a government and a terrorist
has been studied by Jacobson and Kaplan (2007). The authors study a model where the ter-
rorist decides how often to attack and the government decides how often to execute targeted
killings as part of its counterterrorism campaign. Whereas the previous authors only study
two player games in which the actions of the terrorist are discrete, the government can only
choose proactive counterterrorist measures. Finally, Hausken (2008) studies the interaction
between a terrorist and a government. On the one hand, the terrorist only defends his assets
but does not attack the government. On the other hand, the government tries to destroy the
terrorist’s asset, which grows from period to period.

Our paper differs from the previous literature in several important aspects. It emphasizes
the strategic interaction between the terrorist and an arbitrary number of targets. Moreover,
apart from considering differences in the cost of counterterrorist measures and in the value
that countries assign to terrorist attacks (also studied in some of the previous literature),
we also consider differences in the benefit from cooperating against terrorism and in the
political and economic power of countries. These aspects play a crucial role in the study of
the endogenous formation of the coalition of countries that take proactive measures against
the terrorist organization.

Several extensions would be worthwhile exploring. First, one could extend the model to a
dynamic setting to study under what conditions the terrorist can be defeated or will coexist
with the countries. Second, one could incorporate asymmetric information regarding the
resources of the terrorist or the probability of successful attacks by the terrorist organization.’
We leave this for further research.

2. THE MODEL

The model consists of n countries and a terrorist organization. The set of countries is denoted
by N = {1,2,...,n} and the terrorist organization is denoted by T". The latter has some initial
resources that are denoted by Ry. Every country in N takes defensive measures to protect its
soil against terrorist attacks but only a subset Ny C N of countries takes proactive measures
against 1. For simplicity of the exposition and the proofs, the set Ny is fixed at this stage
but it will be endogenously determined later on. The countries in N and 7' are engaged in
a two stage game G (N, Ny, Rp) that is described below.

At the first stage of the game G (N, Ny, Ry), each country ¢ € Ny chooses a proactive
military effort level z; to fight T inside or outside the country, where x; = 0 if i ¢ Ny. The
effort levels (z;);cp, are chosen simultaneously and independently. As a result, the total
resources of T" are reduced from Ry to R, where

R=R RO,ZH:Z‘ < Ry.

i€ Nog

At the second stage of the game G (N, Ny, Ry), R becomes commonly known. Each
country ¢ € N chooses a defensive effort level y;, which represents the monetary investment
to protect the country against a terror attack. Simultaneously, T" allocates the total resources
R among the N countries, that is, it chooses (R;);cy such that':

R=>"R;, with R; > 0. (1)
i=1

®Some examples of papers introducing asymmetric information into a model of terrorism are Arce and
Sandler (2007), Arce and Sandler (2010), Lapan and Sandler (1993) and Overgaard (1994).

"In contrast, Powell (2007) considers a setting, closely related to Blotto games, in which a defender (a
government) allocates scarce resources in several of its own sites and the terrorist decides which target to
attack.



Note that this implies that 7" may attack any country in N and not only the ones in the
cooperating group Ng. Upon a successful attack, we assume that the damage that 7' can
inflict on a country ¢ € N is random with mean

where P, measures the political and/or economic power of i € N. We also assume that
countries assign different monetary valuations to a unit of damage inflicted by 7T, and we
denote these valuations by (v;);c -

The countries in Ny obtain a political /economic benefit from their cooperation against 7.
For example, these countries might obtain international recognition, trade benefits or other
economic advantages from other countries in the group. We assume that the benefit from
cooperation for country i € Ny depends on the contribution level z; to the total proactive
effort and we denote it by b; (z;). Clearly, if Ng = {i}, country ¢ is the only one fighting T’
and there is no cooperation. Therefore, we assume that b; (z;) = 0 if No = {i}. The benefit
from cooperation comes at the expense of a monetary cost. In particular, every country
i € Ny pays a cost of ¢; (z;) for providing a proactive effort level x;.

The expected payoff of country i € N is equal to:

‘ b (mi) —ci (i) —yi — v (P, Ri, ) ifie N
i (o) = { —yi — v (Pi, Ri, yi) if i ¢ No )

The expected (and actual) payoff function of a country depends on several components,
which are all expressed in monetary terms. First, if a country belongs to the cooperating
group Ny, she will exert a proactive effort level of z; at a cost of ¢; (z;), obtaining a benefit of
b; (x;) . These two terms are not present if ¢ does not belong to the cooperating group. Second,
the payoffs depend on the defensive expenditure y;. Finally, the expected payoff decreases
linearly with v; \;, where \; represents the expected damage and v; is the monetary valuation
that country ¢ assigns to each unit of damage. Since the damage inflicted by the terrorist is
assumed to be a random variable, the actual payoff decreases linearly with the actual damage
times the damage valuation v;.

Regarding the terrorist, we assume that its expected payoff is the total expected damage
it inflicts:

n n
70 =Y AP, Riy) =) N, (4)
i=1 i=1
where R; >0, > |Rj=Rand R=R (RO, > ieNo :UZ)

The definition of the ultimate objective function for the terrorist organization is a com-
plicated and debated issue. In this paper, we focus on its intermediate goal. For the fun-
damentalist terrorism that we have observed in the last decade, we believe that this goal is
to increase the number of supporters, which constitute most of the resources of the organi-
zation. Further, this is achieved by inflicting the highest possible level of damage through
successful attacks, which will expose the organization, through free media channels all over
the world, and attract more followers. For example, the attacks of 9/11 attracted a huge
attention from the media and were broadcast live all over the world, a fact that could be
exploited by the terrorists to gain more support and recruit more members.

One might argue that the relevant objective function of maximizing the number of fol-
lowers should be:

mr =R RQ,Z$¢ —l—pZ/\i (5)
1€Np =1

where p > 0. The payoff function has two components. The term p > 7" | A; is the expected



number of new followers, which is proportional to the total damage that T inflicts on the
countries in N. The term R (R(), Zz‘e No xZ) is the number of current followers who have sur-
vived the first stage attack on T' by the countries in Ny. Note, however, that R (Rg, Y ic No xl)
is taken as given in the second stage of the game and T takes no action in the first stage of
the game, in which z; is determined. Hence, the equilibrium of the game does not change
whether the objective function of 7" is (5) or simply (4). In other words, the two approaches
of maximizing the expected damage or the expected number of followers are equivalent.

3. CHARACTERIZATION OF THE EQUILIBRIUM

This section studies the pure strategy subgame perfect equilibrium (SPE) of the game
G (N, Ny, Rg). To be able to characterize the equilibrium explicitly, we assume specific
functional forms. Moreover, with a general functional form, the existence of an equilibrium
is not guaranteed, even if the payoff functions are concave in the strategic variables. Note
that this is due to the fact that the second stage equilibrium strategies (y;, R;);—,; may de-
pend on the first stage decision variables (x;);_; in a way in which the first stage payoffs as
functions of (x;)[_; may neither be concave nor continuous.®

The functional forms we assume are the following. First, after the cooperating countries
in Ny have attacked T', the total resources available to T' are:

R Ro,Za:i :Roexp —6Z$i ,GZO (6)

i€ Nog 1€ Ng

The previous equation reflects that the resources of the terrorist are decreasing in the total
proactive effort, with the parameter e representing the total military effectiveness of the
countries in Ng. Note that Ry — R, which is the reduction in the resources of T' due to the
attack by countries in Ny, is concave in x; (and in Zz’e No a:l)

The expected damage inflicted by 7" on country ¢ € N is assumed to be increasing in both
the political /economic power of i € N and the resources allocated by T', while it decreases
in the defensive expenditure of 7 € IV:

PR;

Yi

Note that —); is increasing and concave in ;.

The cost of exerting a proactive effort level of x; is assumed to be quadratic in x;:
Lo 9
ci (i) = 5%%7 (8)
where v, represents the military effectiveness of country ¢ € Ny. In particular, country i is
more effective the smaller is «,. Last, the benefit from cooperation is assumed to be linear
n x;:

bi (x;) = bjz;, where b; = 0 if Ng = {i}. (9)

It is important to note that b; can take both positive and negative values. Whereas a
positive value of b; implies that the direct benefit of a country from fighting the terrorist
is positive, a negative value reflects a cost for being part of the cooperating group. This
might be due to internal political costs of actively fighting 7. Nevertheless, a country with
a negative b; might still find it beneficial to join the cooperating group if by doing so it can

SIf (21, ...,mn) lies in a compact space and one can guarantee that there exists a unique equilibrium of
the second stage of the game (R; (21,...,%n), ¥ (T1,...,2n));_, for every (x1,...,zn), then R} and y; are
continuous in (z1,...,z,) and the existence of a mixed strategy equilibrium of G (N, No, Ro) is guaranteed.



increase their net equilibrium payoff. For instance, a country with a larger political/economic
power P; is an attractive target for 7" and it has a strong incentive for degrade its resources.
Later on, we will extend the analysis to allow for b; < 0. In what follows, we study the case
in which b; > 0 for all i € V.

With the functional forms defined above, the expected payoff functions become:

n
PR;
T = Z — (10)
— Y
=1
bizi — 3722 — yi — wlili — if j e Ny
m; (Ng) = pp . 11
(Vo) { —Yi — —vlg’iRZ if i & No ()

The existence of a unique SPE in pure strategies for the game G (N, Ny, Rp) is established
in Proposition 1.

Proposition 1. The game G (N, Ny, Ro) has a unique pure strateqy SPE, which is char-
acterized by:

Byl be
1. xf=b 4 [z LkeNo ”’“] for all © € Ny, where x* is the unique solution of
7 Vi Py ’

D ke o
P
e(> “k)RO5 exp(—£a*
2. 4= Ty ai= Taey, o Erero )W o C5)
0 €No vy (Zn i)
k=1 v
. PRgPem(~5t) N E_P
3.y %5, t € N. Therefore, for all z,jGN,?:F.
(ZZ:l i) J !
/Uk:
PiRy exp(—ea*) Ry _
« _ P;Roexp(—ex*) . .. ST
4. R = vi<2221%> , 1 € N. Therefore, for all i,j € N, E% =7

<
LN

Note that, in equilibrium, the ratio of £ does not depend on 7 and the targets are equally
attractive to T'. Also, T allocates his available resources to every country ¢ in proportion to
this ratio. That is, the proportion of resources that 7" allocates to country ¢ is increasing in
its political /economic power P; and is decreasing in the value v; that that country assigns
to a unit of damage. The proof of all propositions throughout the paper are relegated
to the Appendix. Propositions 2-6 characterize the properties of the SPE equilibrium of
G (N, Ny, Rp). To illustrate them, we also provide numerical examples with N = {1,2}.

Proposition 2. An increase in the total initial resources Ry of T: (1) Increases the
defensive efforts of all countries in N and the proactive efforts of all countries in Ny. (2)
Increases the expected damage inflicted on all countries and decreases their payoffs. (3)
Increases the payoff of T.

Table 1 provides a numerical example that illustrates the effects of increasing the initial
resources of the terrorist Ry from 1 to 5.

Table 1: A change in Ry
Ry R Ry Ry Y1 Y2 x1 T2 x 3! T2 T
1 0.963 0.321 0.642 0.566 1.133 0.156 0.213 0.37 -1.13 -2.26 1.70
5 4720 1.573 3.146 1.254 2.508 0.225 0.350 0.57 -2.51 -5.04 3.76
No=N,P=1,P=2v=17,=10=01,¢c=01.

The table shows that an increase in Ry leads to an increase in the defensive effort level
of all countries to protect their soil against terrorist attacks. Furthermore, the countries also
increase their proactive effort levels to fight a stronger terrorist organization. In spite of the



higher counterterrorist measures, the first order effect dominates and 7' allocates almost 5
times more resources to each country. As a result, the expected damage increases for every
country, leading to a decrease in their payoffs and to an increase in the payoff of T'.

Proposition 3. An increase in v; for i € N: (1) Increases the defensive effort of i and
its proactive effort (if i € Ny). As a result, there is a shift of terrorist resources from i to
any other country j € N, who in turn increases its defensive effort and its proactive effort
(if j € No). (2) Decreases the expected damage on i and increases it for any other country
j € N. Nevertheless, the payoff decreases for all countries. (3) Increases the total proactive
effort x and decreases the available resources of T as well as his payoff.

An important implication of Proposition 3 is that an increase in the damage valuation
of any country makes all countries and the terrorist worse off, demonstrating that the game
is not a zero sum game. Proposition 3 also implies that a higher damage valuation of a
given country increases its defensive expenditures and diverts terrorist resources to other
countries.” This is consistent with the empirical evidence that higher defensive efforts by
a given country divert attacks to softer targets, as documented by Enders and Sandler
(1993,2004,2006b).

Proposition 4. An increase in P; for i € N: (1) Increases the proactive effort of 1
(if i € No) and its defensive effort. (2) Increases the percentage of resources allocated by T
to i and decreases it for every other country. As a result, there is an increase in the expected
damage for i and a decrease for every other country. Consequently, the payoff decreases for
i and increases for every other country. (3) Decreases both the defensive effort of every other
country j € N and its proactive effort (if j € Np).

The implications of Proposition 4 are consistent with the empirical evidence that more
powerful countries exert bigger proactive efforts, whereas smaller countries free ride on them.
Table 3 illustrates the effects of an increase in the political/economic power of the second
country from 2 to 5.

Table 2: A change in P»
P1 PQ R R1 R2 Y1 Y2 1 T2 T ™1 ) T
1 2 0963 0321 0.642 0.566 1.133 0.156 0.213 037 -1.13 -2.26 1.70
1 5 0957 0.159 0.797 0.399 1.996 0.139 0.299 043 -0.79 -4.00 2.39
N():N, 'Ui:l,’yi:L bi:0.1,6:0.1, R():l

If country 2 is more powerful, it exerts bigger proactive and defensive efforts. As a
consequence, the terrorist allocates more resources to it, increasing the expected damage
and decreasing the payoff for this country. In contrast, since less resources are allocated
to the first country, this country decreases both the defensive and proactive effort levels.
In other words, when the second country is more powerful, the first country free rides. As
a result, the expected damage decreases for the first country, leading to an increase in its
payoff, while the payoff decreases for country two.?

Proposition 5. An increase in ~y; for i € Ny: (1) Decreases the proactive effort of
i, which is substituted with a higher defensive effort. To compensate, every other country
j € Ny increases the proactive effort, namely i free rides on j. (2) Decreases the total
proactive effort x and increases the available resources of T, who allocates more to each
country. This induces an increase in the defensive effort of every country. (3) Increases the
expected damage of all countries. The payoff of every country decreases and the payoff of

"The first two parts of this proposition are anticipated by Sandler and Lapan (1988) and Sandler and
Siqueira (2006).

10Note that this could be offset by other factors such as costs margins or terorrist biases to attack certain
countries (see Bandyopadhyay and Sandler (2009)). Here, we would also like to point out that power is not
the only factor inducing terrorist attacks. Other factors such as grievances are also important. As an example,
Israel isn’t very powerful compared to US, France or Britain but it attracts a lot of terrorism.



T increases. (4) If 4 <3 Zk:eNo T and Ry is sufficiently large, the payoff of i increases
even though he becomes less eﬁectwe Otherwise, the payoff of i decreases.

An interesting implication of the proposition is that there are situations under which the
payoff of the country that becomes less effective increases. To shed light on this phenomenon,
assume that P >+ <3 Z ke No . Note that we can 1nterpret =L as the power of country i € N,
which takes 1nto account both the political /economic power and its military effectiveness. If
the previous condition is satisfied, the power of a country ¢ is less than one half of the total
power of the countries in Ng. In other words, country 4 is not too powerful, in the sense that
it does not have the majority of the total power.

Consider now a per unit increase in 7, for ¢ € Ny. On the one hand the per unit
increase in v, has a direct effect that increases the proactive effort cost 2%33 by . On
the other hand, since 8% < 0, the country reduces its proactive effort level and the proactlve

ox;
8v

effect is also quadratic in x; with a coeflicient that is larger than % (in absolute value) if
b =<3 Zke No f L. In other words, the latter condition is needed to obtain a cost saving
effect for a sufﬁmently large x; as a result of the increase in ;. Note that a decrease in z;
has a negative effect on the benefit from cooperation b;x;, but this effect is only linear in z;.
Thus, a sufficiently large z; implies an improvement in the payoff of Z' Finally, note that
x; increases indefinitely with the initial resources Rg of 1. Hence, if &< 5 Zke No I; :
sufficiently large Ry leads to an increase in the payoff of ¢ as a result 0% an increase in 7;.
On the other hand, if either Ry is small or if 1;: > 5 Zke No %, then the payoff of country ¢
decreases unambiguously if it becomes less effective.

Proposition 6. An increase in the cooperation benefit b; for i € Ny: (1) Increases the
proactive effort of i and decreases the proactive effort of every other country in Ny. (2)
Increases the total proactive effort and decreases the total available resources of T. As a
result, all countries decrease their defensive efforts. (3) Decreases the expected damage and
increases the payoff of every country, while the payoff of T declines.

Proposition 6 has the interesting implication that a higher benefit from cooperation for
a given country benefits all other countries, since it will make the terrorist weaker.

cost decreases by v;z; It turns out that, when x; is sufficiently large, this indirect

4. 'THE COOPERATIVE OUTCOME
In this section, we compare the optimal strategies of the countries in Ngunder binding
cooperation with the non-cooperative strategies derived in Proposition 1. The outcome
under binding cooperation is obtained when the countries in Ny maximize the sum of their
payoffs:

II= Z [bi:ni - %’yll‘f — Y — @ (12)
i€Nop Yi
First, IT is maximized over (y;),cy, for a given (x;),c, , taking into account the simulta-
neous defensive efforts of all other countries in N\ Ny and the allocation of resources Ry of T'.
Then, II is maximized over (z;);. No- The following proposition characterizes the cooperative
allocations.

Proposition 7. Suppose that |No| > 2. Let (27);cy, and (y§);cy, be the cooperative
solution and let (x )zeN and (y! )zeN be the non-cooperative solution. Then, y5 < y: for all
i€ N and z§ >z} for all i € Ny.

The proposition asserts that under cooperation every country in Ny exerts bigger proac-
tive efforts and every country in N exerts lower defensive efforts. This implies that every
country in N\ N free rides more on the countries in Ny in the cooperative solution than in
the non-cooperative solution.!!

""'The suboptimality of the non-cooperative outcome has been established in different settings (sce e.g.



5. NEGATIVE BENEFITS AND SUSTAINABLE COOPERATING GROUPS

In the previous section, we have assumed that b; > 0 for all 4 € N. Under this assumption,
Proposition 1 asserts that the equilibrium level z is positive for all ¢ € Ny for any arbitrary
set Ny of N, including Ny = N. In this section, we (i) allow for b; < 0 for some or all i € N;
(ii) obtain the set Ny endogenously and (iii) provide an algorithm to compute an equilibrium
set Ny of cooperating countries.

Note that a country ¢ with b; < 0 may have an incentive to proactively fight T if, for
example, P; is sufficiently large. However, if P; is relatively small and the country is not
an attractive target for the terrorist, then it will be optimal for this country not to fight
T. Namely, the equilibrium first order condition for this country will result in z} being
negative. Potentially, one could allow for negative proactive efforts, with the interpretation
that a country ¢ with 27 < 0 supports rather than fights 7', in the sense that it provides
T with a military support of the magnitude |z}|. However, this is not consistent with our
assumption that T may target any country in N. Given this, we restrict our attention to
the case in which the proactive efforts are constrained to be non-negative. In other words,
a country can either actively fight T" or not, but no country in N supports 7. Under this
assumption, the first order conditions are not satisfied as equalities for some countries and
the analysis is more complicated.

To analyze this latter case, consider the same game that we have described in the previous
section but let Ng = N and denote this game by G (N, Ryg). The only difference is that
G (N, Ryp) allows for b; < 0 for some or all i € N. In the first stage, countries choose
simultaneously their proactive efforts (z1,...,2,), with ; > 0 for all ¢ € N. T is then
attacked with the military power ),y z; and its resources are reduced to:

R = Rpexp (—EZ:&) .

1EN

In the second stage, (x1,...,2,) becomes commonly known and the countries in N choose
simultaneously their defensive expenditures (yi,...,yn), while T' chooses the allocation of
resources to attack the countries.
Consider now a subgame perfect equilibrium of G (N, Ry), assuming that it exists. Let
No = {i € N|z} > 0}, where (z7, ..., z,) are the first stage equilibrium actions of the countries
in N. Clearly, Ny is the set of countries which in equilibrium proactively fight T. We refer
to Ny as a sustainable set. It is important to note that finding a sustainable set is not an
obvious task. To see this, consider the case in which, when solving the first order equilibrium
conditions (as was done in Proposition 1), some country ¢ with b; < 0 may be best off choosing
x; < 0. Let x; for i € N be the level of proactive effort that solves the first order conditions,
namely
- b; % [5 - ZkeN b_ﬂ
Ti=—+ 2
Vi > keN T

k
k

where Z is the unique solution x of
b 0.5
be € <ZkeN T:) R§® exp (—52)

0.5

Further, let Ny = {i € N|Z; > 0}. Then Ny may not be sustainable. The reason is that

a country j € Ny with b; < 0 may choose z; > 0 just because the total effort z is small.

xTr =

Sandler and Lapan (1988) and Sandler and Siqueira (2006)).
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However, when the countries i € N \ZVO shift from z; < 0 to z; = 0 to satisfy their feasibility
constraints, then j € Ny may be better off reducing its level of proactive effort to z; = 0,

hence leaving Ng. Our next goal is to provide an algorithm that finds a sustainable set. The
algorithm is described in what follows.

Algorithm to Find a Sustainable Set. Let Ny be an arbitrary subset of NV and let
P |~ b
b {fﬂ (No) = 2 keny ﬁ}
~. b
Vi ZkeNo 'y_l;z

where T (Np) is the unique solution x of

P . €
e Z b N € <ZkeNo TZ) R§® exp (—5z)

0.5
keNo 2 k=1 v,

Under the assumption that only countries in Ny exert positive efforts, z; (Np) is the
unconstrained equilibrium proactive effort of i € Ny (see Proposition 1). In particular, if
Z; (No) > 0 for all i € Ny, then z; (Nog) = =} (No). However, z; (Np) may be negative if
b; < 0, in which case it will be different from the equilibrium effort level z} (Ny) = 0.

Suppose without loss of generality that %11 > %22 > > %’;. Further, for every k,

1<k <n,let N} ={1,...,k}. It is shown in the Appendix that:

Ty (N(?) < 0 implies that z,, (Néc + m) <0 for all m > k.

To construct a sustainable set, we note first that Z; (Ng) > 0, since by = 0 if Ng = {1}.
Next, we start with N& and we add one by one the countries 2,3,...etc. until the first time

we find a k such that zpy; (Né““) < 0. If we do not find such a k, then Ny = N is the

sustainable set. Otherwise, Né“ is sustainable. Proposition 8 below states the existence of a
pure strategy subgame perfect equilibrium for the game G(N, Rp).

Proposition 8. (1) The game G (N, Ry) has a pure strategy subgame perfect equilibrium
and a sustainable set can be derived using the algorithm above. (2) In every subgame perfect
equilibrium, the sustainable set of cooperating countries is non empty. (3) Any sustainable
set must include every country ¢ € N with b; > 0. In particular, if b; > 0 for all i € N,
then Nog = N is the only sustainable set.

To illustrate how the sustainable set of countries depends on some of the model para-
meters, we provide some numerical examples with five countries, namely N = {1,2,3,4,5}.
Table 3 displays the level of proactive effort of the different countries for different values of
the initial resources of the terrorist, with the last row displaying the corresponding set Nj.
As explained earlier, only the countries with a positive level of proactive effort belong to the
cooperating group. All examples assumes that only the first country has a positive benefit
of cooperating against 7.

When Ry = 1, implying that the initial resources of the terrorist are relatively small,
only the country with a positive benefit from cooperation belongs to the cooperating group.
However, as Ry increases, more countries find it beneficial to fight 7. In particular, Ng =
{1,2} if Ry = 10, Ny = {1,2,3} if Ry = 100 and Ny = {1,2,3,4,5} if Ry = 900. This
example shows that some countries with a negative benefit from cooperation might join the
cooperating group if the terrorist is sufficiently powerful.

11



Table 3: Sustainable cooperating set for a different Ry
Proactive Effort with N = 5 and different Ry

Country b; Ro=1 Ryp=10 Ry=100 Rp=900

1 01 0.4 0.23 0.52 1.20
2 01 0 0.03 0.32 1.00
3 02 0 0 0.22 0.90
4 05 0 0 0 0.60
5 -1 0 0 0 0.10
No {1} {12}  {1,2,3} {1,2,3,4,5}

e=01,v,=1,v,=1and P,=1forallie N

Table 4 displays again the level of proactive efforts of the different countries in N for
different levels of €, which represents how effective countries are in reducing the resources
of the terrorist. As before, the last row displays the corresponding set Ny. The table
shows that more countries find it beneficial to join the cooperating group as € increases. In
particular, Ny = {1,2} if e = 0.05, Ny = {1,2,3} if e = 0.1, Ny = {1,2,3,4} if e = 0.11
and Ny = {1,2,3,4,5} if e = 0.2. Again, countries with a negative benefit from cooperation
might join the cooperating group if their proactive effort can reduce the resources of the
terrorist more effectively.

Table 4: Sustainable cooperating set for a different e
Proactive Effort with N =5 and different ¢

Country b; e=0.05 e=01 €e=0.11 e=0.2

1 0.1 0.14 0.19 0.20 0.28
2 0.0 0.03 0.08 0.09 0.17
3 -0.05 0 0.04 0.05 0.13
4 0.1 0 0 0.007 0.08
5 -0.15 0 0 0 0.03
No (1.2} {1,2,3} {1,2,3,4} {1,2,3,4,5}

Ry=5vi=1,v,=1and P,=1forallie N

Table 5 illustrates the effects on the sustainable set when there is a change in the politi-
cal/economic power of countries. In this example, the power increases for the three countries
with the lowest benefit from cooperation. When the power of each country is equal to 1,
only the country with a positive benefit fights T'. However, when the power of the last three
countries increases considerably, they find it beneficial to join Ny, since they are more likely
to be a target.

Table 5: Sustainable cooperating set for a different P;
External Effort with NV = 5 and different P;

Country b P, x; P x;
1 01 1 014 1 0.10
2 -0.1 1 0 1 0
3 -0.2 1 0 100 0.19
4 05 1 0 200 0.28
5 -1 1 0 300 0.17

NO {1} {1737475}
Ry=1,e=01,v,=1,~v,=1

(2
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6. CONCLUSIONS

This paper studies a sequential game in which an arbitrary set of countries interacts with
a transnational terrorist organization. Whereas the terrorist organization distributes its
available resources to attack the different countries, countries choose both the optimal level
of defensive measures to protect their soil against terrorist attacks and the level of proactive
measures to aggressively fight terrorism. Every country exerts defensive measures but the
set of countries that proactively fights the terrorist emerges endogenously in equilibrium.
Clearly, defensive measures taken by a country may divert attacks to other countries. In
addition, proactive measures taken by a country that reduce the terrorist threat for other
countries create positive externalities but lead to free rider problems. These issues constitute
an important part of our analysis.

We first characterize analytically the subgame perfect equilibrium of the game. In par-
ticular, we study how the strategic actions depend on the key model parameters, namely,
the political /economic power of countries, their military effectiveness, the value they assign
to a per unit of damage resulting from a terrorist attack and the benefit they obtain from
cooperating against the terrorist. We also provide sufficient conditions for a defeat of the
terrorist or a given country as well as an algorithm to obtain the endogenous cooperating
group that proactively fights the terrorist. This algorithm can be used whether or not the
benefits from cooperation are negative.
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APPENDIX

Throughout the Appendix, we use the following notation:

P P; b;
Ci:_yBi:_7B*i: BaAZ:_
o > B

% i kENo\i Yi

With C = Z?:l CZ', B = ZieNo Bi, B,Z' = ZkENo\i Bk, A = ZieNo A,L and A,i = ZkENo\i Ak
Proof of Proposition 1. Recall that:

n

=Y Lilty (13)

=1 Y

and, for every i € N,

o biwi — 5y} —yi — LH e N (14)
’ —y; — wlid, i € N\No

At the second stage of the game, each country ¢ € N maximizes m; over y; given (x;),c No
and (R;);c - Since 7; is strictly concave in y; for every R; and (x;),c N> it is maximized over

Y if:

orm; P, R;v;
=-1 =0.
0yi - y2
Thus,
yi = (PiRv;)*? . (15)

Simultaneously with the choices (y;);cy, 7" maximizes 7 over (R;);cy given (7);cn,
and subject to Z?:l R, = R and R; > 0 for all + € N. We first maximize 7 without the
last non-negativity constraint. Define the Lagrangian function:

L:ﬂ'T—,u<iRi—R>.
=1

The first order conditions imply that aa—}%i = % —p=0forallie Nand > | Ri = R. Thus,

= % and, by (15) R; = M—E% = %.This also implies that R = u_c; Therefore,

R = QR _ PiRyexp (—ex )

¢ Vi (ZZ:1 %)

Since R} > 0, the constraint R; > 0 is not binding and equation (16) proves part 4 of
Proposition 1. Substituting (16) into (15), we have:

i} R 0.5
yi = b (5) : (17)
C

Note that % = (E)O'5 and does not depend on 4. This implies that 7" is indifferent as to how

(16)

to allocate his resources R. Irrespective of the allocation, he will obtain a total expected
damage of > | R; (%)0'5, that is
= (CR)™. (18)
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or, equivalently,
n 0.5
T = Z& RO exp (—<a* (19)
T= Ur 0 p 5 .

At the first stage of the game, countries in Ny choose (x;),c N, Simultaneously and indepen-
dently. Let
Ro\%?

By (14), (16), (17) and (20), we have for i € Npy:

1 €
™ = bjx; — 5%333 —siexp | —5 Z x| - (21)
k€EeNg
Hence, g—;rj = b — ;T + §5;€xp (—% ZkeNo xk) . Since % < 0 and g—gf (x; =0) > 0, the

equilibrium x; is the solution of gg: = 0. That is,

bi  es; €
$¢:%+—%exp ——Zxk . (22)

Let 2 =3 ey, Tk By (22) 2= "0, ,l;—i +5 2 ieNs % exp (—§z) = f (z). We first show
that the equation f (z) = x has a unique solution. Let g (x) = f(x) — z. It is easy to see
that g (0) = f(0) > 0, ¢’ (z) < 0 for all z and g (z) < 0 for = sufficiently large. Since g
is continuous in x, there exists a unique solution z* such that g (z*) = 0 or f(z*) = z¥,
namely,

By (23) and (24)

implying that:

Lgr - bie
bW i€No 7,
A P,

Vi Zz‘eNo 7_:

The previous equation, together with (20), proves parts 1 and 2 of Proposition 1. Finally,
by (13), (14), (16), (17), (20) and (24), it can be verified that

(25)

*

BR8'5 exp (—%x*
Yi =

s B 05
k=1,

17

),ieN




The previous equation proves part 3 of Proposition 1. In addition, it can be shown that

yr = 7'“‘””1‘6_ bi, i € Ny and e >0 (26)
L)
R; e ,1E€N (27)

i
T = 2P;RY® exp(—£a* 28
' —2yF = — One"z i) e N\ (28)
(Zk:l ”k)

P RO.5

=2 0 exp x*),ieN 29
7 0.5
V; (Zn ]_3&
k=1 vy

The previous equation implies that i—i =4 foralli,j € N.I
J

The proofs of Propositions 2-6 follow directly from Lemmas 1-4 below. Throughout the
proofs, whenever we refer to the results of Proposition 1, we include equations (26-29).

Lemma 1.
RO'5exp( 5:5*)[2%—%] .
(1) 2 = P el 1) i€ No
P, eR§® exp(—5z*)B .
_viC[ R85exp( %; )B+ZC’0 5] <0, 1 ¢ No
or* or* B
0if ¢ ¢ Ng. For 1 € N, 0 i Vo 2
ap, < if i ¢ Ny. For i € 0’8P< i <2C
* RYS P,B
0v; [6 Ry?exp (—513 ) B + 2CY ] Cv;
* b;C0° PR —£
(3) oz _ 2] < +e€ Pexp (—5z )] e No.
0, [EQR exp (—§a*) B +2005] 42
or* 2005
4 = , € Ny.
(4) ob; [€2R0 S exp (— ) B+ 2C0 5] . 0
5) oz* eBexp (—530 )
ORy 2C005RY5 + 2Ry exp (—%m*) B’

The proof follows directly from Proposition 1.

Lemma 2. (1) gﬁ > 0; For i € N, %’; > 0; For i € Ny, 2 (% >O,g’; 0,%}2 < 0 iff

i¢N00ri€N0and ”1<2C (Z)ForallszNg,k:GN j, k # 1, (%Z >0
ax

’81};1 > Oaap >

0’8P <O,8b >078b <0,a;<0,(97 >O78R > 0. (3) Forall 1,5 € Ny, k € N, j, k # 1,

oy; oy; oy} oy; ayz oy; y; oy; . 9y;
5 > Oigok > 05 55 > 0 ap <0555 < 05555 < 0; 67 > 0’% > 0557 > 0. (4) For all

i,jEN,j#i, g >0 P <0,gj* >07g§ >076P <078R > 0. (5) For all i € Ny,
ONF ON¥
o5 < 0; o > 0. (6) ForalleNandjENo,Z;éj,8—b;<0,(%; > 0.

Lemma 3. (1) Foralli,j € N, j #1, 3 < 0 and %Rj > 0. (2) For all i ¢ No, 5 > 0
and for all i € N, 2§*>01f3<13 (3) For all i € N, %T<OandforalliENand
jeNo,%—fj‘<o.(4)ForauzeNo,a >0andforalleNand]€No,a > 0.

The proof of the previous two Lemmas is tedious but straightforward and it is therefore
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not included but can be provided by the authors upon request.
Lemma 4. In what follows, we let 77 = 7T* (No). (1 ) For all i,j € N and j # i, 5+ av L <0
and—L<O (2 )ForallzyENandj;ﬁz, 7P <0and >0 (3)Foralli€N0 a5 > 0;

For all 1€ N, j€ Ny, it # 7, (%; > 0. (4) The payoff of 1 € Ng depends on ~y; as follows:

S <0if B; > $B. If Bi < 1B, 3 Ry st. 55 < 0if Ry < Ro and 35 > 0if Ry > Ry. For
every i € N, j € Ny, j # 1, 871 < 0.

Proof of Lemma 4. We first prove that "< 0 and i > 0foralli,jeN,i#j.
By Proposition 1, if ¢ € Ny
on; 2, oz}
= b — — — v} L.
ov; < e fy#l) Jv;

S1nce it > 0, it is sufficient to show that <b —

) < 0. By Proposition 1,

implying that < 0. Suppose that ¢ € N\Ny. By Proposition 1, it is sufficient to prove
exp( €x )
that 6[(‘3#1] > 0. This is equivalent to < B S eC5- 8‘” . By Lemma 1, this is equivalent to

€2 BRJ® exp (—gw*)

e2BR)? exp (—§a*) + 2C05 <1

which is clearly true. By Proposition 1, for 7 € Ny, g—?— = —; (2 + 5 Bi (o — A)) 9% Since
(% > 0, it follows that 8 < 0. For i € N\ Ny, the proof that I < 0 is exactly the same
as the proof that CLrap )

We prove next that for all 7,5 € N, 5 # 1, 3—7;:% < 0 and % > 0. Suppose first that
1 € Ng. By Proposition 1,

omy ([, 2 o 9% [ 2y B; . ox}
op, (b’ e ”) op, ( e gl A)> op,

Since ?H;: > 0, it follows that gg < 0. By Proposition 1, gin = - (% + % (x* — A)> gg.

Since g—é_— < 0, it follows that —L > 0. Suppose next that i € N\Ny. By Proposition 1,

87‘( 8[P exp(f—zz )]

8P < 0 iff —ag— > 0. Equivalently, eaP < % — v,% By Lemma 1, 2 8P < 0 and
E — vilc = 261;00 > 0. Hence, the proof is complete. Suppose next that ¢ € N\ Ny and
7r* ) [exp(f()%z ) [exp —ex™ ]
j € Ny. Then, P > 0 iff + < 0. Equivalently, + < 0 or €8P > =5 C .By
Lemma 1 applied to 7 € Np, this is equivalent to
€2BR8'5 exp (—E:L‘*) {2% — g} 1

> — .
vj [2BRY exp (—§a*) + 2C00] v;C
The last inequality is equivalent to 2—162R0 S exp ( ) C > —2C%5which clearly holds.

We prove next that %7121 >0forz € Ny and dbl > (0 fori e N,j€ Ng, v # j. By
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Proposition 1,

6bz Yi €
b.
Hence, 2% > 0 iff 7,90 < 1+ 22— By (?7), 26 — Boiy Pger _ Do
L i w, (Tt Za) YA B T 3B T 3Bk T 3B
Yi € 7
b.
B; 9r* om Bi 9z* Y Bb;
= <= Consequently, =+ <l++——"*t—=or < L4 i .
B ob; d s Bb; B b (7%%“1) ab 7 B2 (—E 4 2tay)
on’ ) or*
Lemma 1, £ ab <z L and hence 2 (% L. By Proposition 1, = Vi (% + % (z* — A)) 82—'

Since a_b; <0, it follows that ab; > 0.

We prove next that for ¢ € No, 971 < 0 unless B; < B and Ry is sufficiently large. Also
dv <O0forie N,je Ny, j#1i always holds. By Proposition 1,
J
« . B; |2~ 4+ b
8$i . _ﬁ _ B;B_; [$ — A] n v; v? (30)
o v:B? B
B &ax* B B_jx}
- BOy  wB

By Proposition 1,
oz* b eBiRg exp (——x ) €2BR8'5 exp (—%ZL‘*) or*

oy R 7,C0% - 2005 o’
0.5 __€ «
LetM:EROegP# Then 8‘2 :—%—Mv—?i—%%.smceszf
dz* b+ MBiy;  bi+ B % — A
i P (1+BM) (145l - 4]
z*
J : (31)

AEEAcED)

The two inequalities (30) and (31) imply:
@ B,il‘? B@’Iff<

)

T )

Bi b (32)
L 55 (o - 3]
By Proposition 1, 5 = —v; (m;‘ - % + %) % - 2%— —1 (z¥)2. By (32),
B_; b;
1 ont . b2 [1+623i (l‘?—#i)} 2 1,
ot = (e - 242 L (33)
o ) )]



After rearranging terms, (33) implies that T iff

1 * € % bz b
—57; + 1B, (ajz %‘) [QB_Z <a: . ) Bz} } < 0. (34)

(2

Let m; =z} — % and recall that A; = % Then, (34) is equivalent to:

K3

¢ (B — 2B;)m? — (eBA; + 2B;) m; — 2B;A; < 0. (35)

Clearly, if —1 > 1 then (35) holds and 220 77~ < 0. In contrast, if —L < 1, then (35) does not
hold if m; is 5ufﬁmently large. We note the following: By propos&tlon 1, and by the fact that
ok > 0 (by Lemma 1), it is easy to see that z} is increasing 1ndeﬁn1tely in Ry. Since B;,

Ai, B and € are all positive, there is an m; > 0 such that (35) holds iff m; < m;. Thus,
?97;2 < 0 if % < % and m; < m;. Let Ry be the solution to m; = m; or z} = m; + %
Since for Ry = 0 we have z] = % and since z is increasing indefinitely in Ry, there exists

(3

a unique ﬁo such that m; = m;. In this case, 7 = m; + % We conclude that if B; < %B ,
then % < 0 whenever Ry < }Aﬁg and % > 0 if Ry > }A%O. Finally, by Proposition 1,

3

on; 2 B; Bacz :r;‘ . on’ . .
oy, = i <g + 5 (z* - A)) s .Since o, > 0, it follows that o, < 0, as claimed.H

Proof of Proposition 7. Following the first part of the proof of Proposition 1, the
allocations (z;);cy, and (vi);cy that maximize IT are given by:

PRO%exp (—<z)
yi = OC%(2)JEN (36)

where z =}, n @ and C = ZleN . Let P =3",cn, F%. Then, by (12) and (36)

0.5 _€
- Z[biﬂz— - ]_QPRO exp( zw)

00.5
i€ Ny

Thus, for i € Ny

oIl bi €PR}®exp (—$z)
=0iff x; = = 2
7, 0iff x > + 05y, (37)

Therefore,
eW R9? exp (—533)

:c:z:m—z— 000.5 2 (38)

1€Np ZGN()

where W =TPand I' = ) . Let (W) be the solution of (38). Note that the non-

. . s BRY
cooperative solution z* satisfies (see Proposition 1) z* = > .\ 7’ + Eﬁ%exp (—5a%) =

x (B), where B = 7, \ ]7—31 Thus, to prove that z* < x, we need to show that = (B) <

z (W). Equivalently, Bexp (—§z (B)) < Wexp (—5z (W)). Since

JENo 'y

it is sufficient to prove that f (W) = W exp (—§z (W)) is increasing in W. This is shown by
the following Claim.

21



Claim. The solution z of (38) is increasing in W, namely,

dr  eRy® € W R3? €

g = aor o0 (~52) / |1+ s e (—52) | > 0
Proof. The proof of the claim follows directly from (38).
Next, let a = exp (—%:L‘ (W)) By the claim,

of W) _ ey O
ow W“aW

2 RYWa? R Wa
BT R Tox
a
= s >0
1+ S5

Consequently, z* < x. Further, by (36) y; < y; for all ¢ € N. Finally, by (37) and by
Proposition 1, f = z; (P;). Hence, =} < z; iff z; (P;) < z; (P) or

P;exp (—%m (R)) < Pexp (—%x (P))
But this follows from the fact that P; < P and the fact that (W) > 0.1

Proof of Proposition 8. Let Ny C N and let z; (Ny) be the solution of the first order
equilibrium conditions, namely,

. Bi[z (No) — A (No)]
i (No) = A; + = 39
where T (Np) is the unique solution x of
B (No) R3S exp (=5
_ A(Ny) + B0 B exp () (40)

C(N)>®

That is, if we restrict the set of cooperating countries to Ny, then (39) and (40) describe
the unconstrained equilibrium actions of the countries in Ny. Clearly, if z; (Np) > 0 for all
i € No, then z} (Ng) = z; (Np) for all ¢ € Ny, but z; (Ny) may be negative if b; < 0. We
make use of the following Lemma.

Lemma 5. Let Ny # ¢ be a subset of N and let k € N\Ny and No No + k. Suppose
that Ty (Nj) > 0. Then, for all i € Ny, (1) (Nj)) > Z(No). (2) Z; (Nf) < Z; (No) and
Ui (V) < 9i (No). (3) i (N)) < i (No), 7 (N§) > i (No) and 7 (N)) < 7p (No). (4) All
the inequalities above are strict if Zy, (Nj) > 0. (5) All the inequalities in (1)-(3) are reversed
if 7, (Nj)) < 0 and they in addition are strict if zy (N)) < 0.

Proof of Lemma 5. By the first order conditions that determine the proactive effort,
T (Né) > 0iff

BkeRO exp (—%fn’ (Né))
Ap = — 0.5
C(N)

In this case,

eB (No) R)® exp (—5Z (Ng))

T(Ng) = A(No)+ o and (41)
9P exp (—<T
F(No) = A(No)+ B(N0>ROC(N1)°0(5 57 (Vo) )
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By (41) and (42), z (N}) > @ (No) and strict inequality holds if zj (V) > 0. Note that all
inequalities are reversed if T, (N}) < 0 and they are strict if Z, (N)) < 0. Since z, (Ng) > 0,
there exists some b}, with b, < by such that zj (N)) = 0. In this case, T (Ny) = = (Np) and
z; (N}) = z; (No) for all i € Ny. By proposition 2, %b]:é) < 0 (the proof of this claim
holds true for all values of by irrespective of wether it is negative or not). Thus, increasing
the benefit of cooperation for k from b to by decreases z; (N}), as claimed. Further, since
5i (No) = 2E00=b o o () = 2880 o e Ny, we have that 3 (No) < 3 (IV3).
The same proof fits the case Zj, (N}) < 0 except that, for this case, by > by and the results
are reserved as well.
~ . 120.5

By Proposition 1, X; (N)) = %exp (=52 (Ng)). Since Z (N)) > @ (No), we have
Xi (V) < Ai (No). To show that 7; (Ng) > 7; (Np) for all i € Ny, we let A = 7; (N§)—7; (No).
By Proposition 1,

A = bl (V) — 7 (No)] — 2L (M) — 7 (No)]

L E () — & (No)Es (NG) + 7 (Vo))

2
~ / ~ 29, 1 o ' ~
= [ (No) = & (No)][b: — = — 57l (No) + & (No)]|
By Proposition 1, ; (V) > % and z; (Ng) > 2—’ Since z; (N}) < @; (Np), it follows
that A > —2%[3; (N§) — Z; (No)] > 0. Finally, by Proposition 1, 77 (N§) < 77 (No) iff
exp (—52 (N})) < exp (=52 (Np)), which certainly holds, since Z (N§) > Z (No).B
Next, we prove Proposition 8 in a constructive way using Lemmas 6 and 7 below.

Lemma 6. Let Ng C N,i€ Ngand k ¢ Np. (1) If Zp (No + k) > 0 and Z; (Ng+ k) <0
and at least one inequality is strict, then %’; > %i; (2)if T, (No+ k) <Oand z; (Ng+ k) >0
and at least one inequality is strict, then %’: < %.

Proof of Lemma 6. By the equilibrium first order conditions,

B [# (No + k) — A(No + k)]

i (No+ k) = A+ <0
% (No+ k) B (No+ k)
~ Brlxr(Nog+k)— A(Ng+ k
e (Not k) = Apt DEE OB+(A20+]€)( R P
Therefore, —%j = —% > [E(Nogz\,:)i%wrk)] > _% = —%k. The proof of part (2) is similar.ll

Lemma 7. Suppose that %11 > %22 > .. > %’;. Let l<m< k<n. Ifz,(1,2,..,m) <0,
then Zy (1,2,...,m — 1,k) < 0.

Proof of Lemma 7. Claim. 7y (1,2,...,m,k) < 0. Otherwise, if 7y (1,2,...,m, k) >
0, then by part (2) of Lemma 6, Z,,(1,2,...,m,k) < Zr(1,2,...,m) < 0. By Lemma
7, %’Z > ;’D—z, a contradiction. Suppose to the contrary that zj (1,2,....m —1,k) > 0.
Then, Z,, (1,2,...,m,k) > 0. Otherwise, by part (5) of Lemma 5, 0 > Z (1,2,...,m, k) >
Zr (1,2,...,m — 1, k), a contradiction. Applying again part (2) of Lemma 5, we have that
T (1,2,...,m, k) > 7k (1,2,...,m — 1,k) > 0 and this contradicts the claim.H

We are now ready to complete the proof of Proposition 8.

1. A non constructive proof for the existence of a pure strategy subgame perfect equilib-
rium is straightforward. Indeed, the proof of Proposition 1 implies that for all (z1, ..., z,) the
second stage of the game has a unique pure strategy equilibrium ((R, ..., R)), (y5, ..., }))s
where R} and y; are all functions of (z7, ..., z},). Substituting R} and y in the payoff func-
tion m; we obtain a payoff function which is strictly concave in x;. In addition, it can be
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assumed without loss of generality that:

0.5
O<m1§b—+£< Fo )
Zk 11}k

It is well known that concave payoff functions defined on compact strategy sets guarantee
the existence of a pure strategy equilibrium. We provide next a constructive proof.

Without loss of generality assume that bl > b2 > .. > b” First. Let Nop = {1}. If
T2 (1,2) < 0, then by Lemma 7 7y (1,k) < O for all 1 <k < n and Np; is a candidate
for the equilibrium set of cooperating countries (recall that by = 0 if |Ng| = 1 and hence
Z1 (1) =27 (1) > 0). Otherwise, let Ngo = {1,2}. By Lemma 6, z; (1,2) > 0. If z3(1,2,3) <
0, then by Lemma 7 Nps is sustainable. Otherwise, if 3 (1,2,3) > 0, then by Lemma 6,
Z2(1,2,3) > 0 and 7 (1,2,3) > 0. If there is m, 1 < m < n such that z,, (1,2,...,m) > 0
and Zp,11 (1,2,...,m 4+ 1) <0, the sustainable set is {1, 2, ...,m}. Otherwise it is N.

Suppose that the process ends after n steps and the candidate is No g, 1 < m < n.
Consider the following first period choices of the countries in N: x; = z; (Nom), ¢ =1,..,m
and z; = 0,7 =m+1,...,n. Since z; (Nom) > 0 for all i € Ny p, then xF (Nom) = Zi (No.m)
for i € Nom and = = 0 for ¢ € N\ Ny, Clearly, no country has an incentive to deviate and
No,m is sustainable.

2. Suppose to the contrary that ¢ is sustainable. Since b; = 0 for Ny = {i}, then
xf (Np) > 0 and i is better off deviating from ¢ to Ny = {i}.

3. Suppose that Ny is an equilibrium set of cooperating countries and suppose that
b; > 0 while i ¢ Ny. The first order equilibrium condition for i € Ny + i is

_E+GB' & 0.5ex _< E T >0
- - 7 C p 2 . k
k€eNo+i

and hence ¢ has an incentive to join Ny, a contradiction.ll
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