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ABSTRACT. Social optimization problems are often used in economics to study
important issues. In a social optimization problem, the sum of individual weighted util-
ities is maximized over all feasible allocations that satisfy certain constraints. In this
paper, we provide a mechanism that determines the set of proper individual weights to
be applied to social optimization problems. To do this, we first define for every set of
individual weights and for every social welfare function the contribution of every indi-
vidual to the total welfare through the individual’s initial endowments. We then provide
an axiomatic approach to the notion of the per unit contribution of every good and
every individual. We then define a set of individual weights to be proper iff the weighted
utilities of every individual from this allocation are proportional to the contribution of
the individual to the total welfare as defined by this set of weights. It is shown that
every contribution mechanism that satisfies these four axioms is uniquely determined
by a non negative measure on the unit interval. The selection of a specific contribution
mechanism (or equivalently the selection of a specific nonnegative measure on the unit
interval) determines for a given economy and a given set of weights a proper constrained
efficient allocation and a proper set of weights. Finally, we provide several numerical ex-
amples that illustrate our methodology. When households are not ex ante identical, the

examples suggest that using the proper weights can substantially affect the allocations.
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1. INTRODUCTION

Social optimization problems are often used in economics to study important issues. In
a social optimization problem, the sum of individual weighted utilities is maximized over
all feasible allocations that satisfy certain constraints. The allocations resulting from this
problem are thus constrained efficient. Moreover, every set of individual welfare weights
defines a social welfare function and hence determines a constrained efficient allocation.
Under standard assumptions, the converse is also true, namely, every constrained efficient
allocation maximizes the sum of weighted utilities for some set of individual weights.

Under complete markets, the welfare theorems imply that equilibria are pareto optimal,
suggesting that one can select the particular set of individual weights for a social optimiza-
tion problem as the ones that implement competitive equilibria. Under incomplete markets,
however, it is not obvious how to determine these weights, particularly when individuals are
not ex ante identical. The purpose of this paper is to provide a mechanism that determines
the set of proper individual weights to be applied to social optimization problems. To do this,
we first define for every set of individual weights and for every social welfare function the
contribution of every individual to the total welfare through the individual’s initial endow-
ments. We then provide an axiomatic approach to the notion of the per unit contribution of
every good and every individual, where the contribution of an individual to the total welfare
is the total contribution of his initial endowments. We then define a set of individual weights
to be proper iff the weighted utilities of every individual from this allocation are proportional
to the contribution of the individual to the total welfare as defined by this set of weights.

The axiomatic approach consists of four axioms that characterize an elegant family of
contribution mechanisms. The first axiom asserts that the per unit contribution should
be independent of the units of measurement of the goods. The second asserts that if two
(or more) goods play the same role in the welfare function, they should have the same per
unit contribution. The third axiom asserts that if the welfare function can be broken into
different components, then the per unit contribution of a given good is the sum of the per
unit contributions arising from the different components. The last axiom guarantees that
the per unit contribution is a continuous mapping with respect to an appropriate norm.

It is shown that every contribution mechanism that satisfies these four axioms is uniquely
determined by a non negative measure on the unit interval. The selection of a specific con-
tribution mechanism (or equivalently the selection of a specific nonnegative measure on the
unit interval) determines for a given economy and a given set of weights a proper constrained
efficient allocation and a proper set of weights. Last, we suggest two variants of an additional
fifth axiom. The first variant uniquely determines the Lebesque measure on the unit interval
and the second one uniquely determines the measure which concentrates the total mass on
the last point of the unit interval (one).

Finally, we provide several numerical examples that illustrate our methodology. In the
first example, we compute the constrained efficient allocations in a two period model with
incomplete markets and ex-ante different households and we use our method mechanism to
compute proper allocations and weights. In the second, we compute the optimal taxes of a

Ramsey economy when households are ex ante different and we find the proper individual



weights.

2. Tue EcoNOoMY
Consider an economy with K goods and n agents that are indexed by i € I ={1,2,...,n}. In
what follows, we let w? = (wi, w’K) € ]Rf be the vector of initial endowments of agent ¢ € I,
while (wl, e w") € Rf“ is vector of individual endowments. Similarly, z* = (a:zl, ,a:zK) €
Rf represents the vector of consumptions of agent ¢ € I and (wl, ,x") is the vector of

individual consumptions. Let u; (xl) represent the utility function of agent ¢ € I.

Assumption 1. u; is continuously differentiable and concave on RE with u; (0) = 0 for
alli eI

Definition 1. Social Optimization Problem. A social optimization problem (SOP)
is one that maximizes the weighted sum of utilities w; under certain constraints, where the
individual weights A = ();),; satisfy A; > 0 for all 4 € I and ;" ; A\; = 1. The resulting

value function F (wl, ven w”) is a social welfare function. Formally,

Fy (wl, ...,w") = maxz it (xz) s.t. (1)
=1
A= Rf, 1=1,...,n
hl (:an) > 0
hs (z,w) > 0

For example, in a pure exchange economy with complete markets, a typical social welfare
function is of the form:

n

F) (wg) = max Z)‘iui (:vl) s.b. Ty = W, (2)

(931)1:61 i=1

where w, = > 1" 4 wt € ]Rf and 2, =Y ;" zt e ]Rff are the vectors of aggregate endowments
and allocations respectively. In this example, the constraint is linear and F) is a function
of aggregate endowments only (the distribution of endowments is unimportant). Hence, we
can write F) (w,) instead of Fy (w',...,w™). It is easy to verify that F) (w,) is concave
and continuously differentiable on ]Rf , with F) (0) = 0. In other SOPs!, however, the
constraints might not be linear or convex and the social welfare function may not be concave
or continuously differentiable.

This paper provides a method to compute the contribution of a good and/or an individual
to aggregate welfare. The method is justified by an axiomatic approach described in detail
in the following section. Here, we take the contributions as given and provide an application
that illustrates the usefullness of those contributions. In particular, we consider the question

of determining the welfare weights \; to be used in the SOP. We postulate the following

!For example, when markets are incomplete or in optimal Ramsey taxation problems.



principle: welfare should be allocated to individuals according to their contribution and the
welfare weights are chosen to satisfy this principle. Specifically, we will define proper welfare
weights (and corresponding proper allocations) to be such that fraction of aggregate welfare
received by an individual equals the fraction the individual contributes.

To make these statements more precise, we introduce some notation. Let ci: (Fy,w) be
the per unit contribution of good k =1, ..., K held by agent ¢ € I to social welfare F) given

initial endowments w.? Define the total contribution of agent i € I to be w' e ¢’ (F),w) € R.

Definition 2. Proper Allocation and Weights. Consider a SOP with weights

A= (N);er and let z* (A) = (z*1 (A), ...,z (X)) € RE™ be a maximizer. The weights A and
the allocation x* (\) are proper iff

wi (@) N wi e (B w)

u (T ()N wl e o (Fy,w)

(3)

That is, the proper weights and allocations are such that the weighted utility of ¢ relative
to j must equal the relative contributions of ¢ and j.
Clearly, z* (\) is proper iff
ui (M) wied (Fy,w)
Djerui (@ (N)A; D w! o dd (Fy,w)

Our next goal to define properly the contribution of every agent to the total welfare.

(4)

3. AXIOMATIC APPROACH FOR THE CONTRIBUTION MECHANISM
In this section, we develop an axiomatic approach for the contribution mechanism. To
simplify notation, we let m = Kn be the total number of goods. Goods are differentiated
along two dimensions depending on the type of good (k = 1, ..., K') and the owner of the good
(i € I). Let w = (wi, ..., wy) be the vector of initial endowments, where j = (i — 1) K + k
represents the initial endowment of agent ¢ € I and good k = 1,..., K. In what follows, we
suppress the subindex A\ and write F' (w) for a typical social welfare function.

We denote by R™ the m dimensional Euclidian space, by R the nonnegative orthant
and by R, the positive orthant of R™. We let 7™ be the set of all social welfare functions
F which are defined on R such that (1) F' is continuously differentiable on R’ and (2)
F (0) = 0. Namely, F' can be any continuously differentiable function which arises from a
SOP of some economy.

In general, we do not know how to characterize the set 7™ of social welfare functions. This
set depends on the economies under consideration and, in particular, on the set of constraints
of each economy. However, if the set of economies includes the pure exchange economies with

complete markets, we can easily prove (see Lemma 1 below) that F™ contains F.7,, where

con?
Fion is the set of all functions on R’ such that (1) F' is continuously differentiable and
concave on R and (2) F'(0) = 0. In other words, the lemma states that every continuously

differentiable function which is concave and satisfies F'(0) = 0 is a social welfare function.?

?Note that, in principle, the per unit contribution of the same good can differ depending on which individual
holds it.
3The proof of Lemma 1 as well as all other results are provided in the Appendix, unless otherwise stated).



Lemma 1. F7,

c Fm.

Our next goal is to define for each F' € F™ and for each j = 1,...,m the per unit

contribution of every good and of every agent i € I to the total welfare F' (w).

Definition 3. Contribution Mechanism. A contribution mechanism is a rule or a
function c(-,-) which associates with every m, with every ' € 7™ and every w € R an

element ¢ (F,w) in R™, where

c(Fyw) = (a1 (F,w),...,cm (F,w))
and ¢; (F,w) for j = 1,...,m is the per unit contribution of the 4t good to the total welfare
of society.

Below, we present four requirements (axioms) that restrict the set of contribution mech-

anisms to an elegant family.

Axiom 1: Rescaling. Let G € 7. Let r € R, and let F' € 7™ be defined by
F(21,.y@m) = G (1121, ooy "mTm,)
Then, for each w € R and each j =1,...,m
¢j (F,w) =rjc; (G,mT1, ..., TmTm)

This axiom requires that the contributions should be independent of the units of mea-
surement of the goods. The idea can be illustrated in a simple one good economy. Consider
an economy where only apples are consumed, let x denote apple allocations in kilos and
let the social welfare function be F'(z). Let G(z) denote the social welfare function of an
identical economy where z is measured in grams. Clearly, F'(z) = G (1000zx). Then, ¢ (F, «)
is the per kilo contribution in an economy initially endowed with « kilos of apples. On the
other hand, ¢ (G, 1000«) is the per gram contribution in an economy initially endowed with
1000« grams (=« kilos) of apples. Since the two economies have the same initial endowment
and are identical otherwise, the axiom requires that the per kilo contribution equals 1000

times the per cent contribution

¢ (F,a) = 1000c (G, 1000c)

Axiom 2: Consistency. Suppose that F € F™ and G € F'. If for every x € R7?

F(z)=G (i xk>
k=1

then for each j = 1,...,m and for each w € R"!

¢ (F,w)=c (G,Zwk)

k=1
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This axiom asserts that if two (or more) goods are the "same", in the sense that they
play the same role in the welfare function, they should have the same per unit contribution.
For example, suppose that there are two goods, say blue and red cars. Assume that the
welfare associated with a blue car is the same as the one associated with a red car and let
G be a one variable function indicating the welfare of a total number of cars (regardless of
whether they are blue or red). Then the previous statement can be formulated as follows:
F(x1,22) = G (1 + x2). In this case, the axiom requires that the contribution of a blue car

is the same as the one of a red car, namely c¢; (F, (z1,22)) = c2 (F, (z1,22)) = ¢ (G, x1 + z2).

Axiom 3: Additivity. Suppose that F', G and H belong to F™. If for every z € R
F(z)=G(x)+ H (x)

then for every w € R
c(F,w) =c(G,w)+c(H,w)

This axiom asserts that if the welfare function F' can be broken into the sum of two
components G and H, then the per unit contribution of the j* good is the sum of the per

unit contributions arising from G and H.

Axiom 4: Positivity. Let ' and G be in 7™ and let w € R, . Suppose that ' — G is

non decreasing for all 0 < x < w, where z < w means that z; < w; for all j = 1,...,m. Then

c(F,w) > c¢(G,w)

The idea in Axiom 4 is that, if increasing initial endowments results in a larger increase in
welfare in economy F compared to economy G, then it must be that the per unit contribution
in the former is larger than in the latter. Given the additivity axiom, the positivity axiom
guarantees that for every w € R’ the per unit contribution c(-,w) is continuous in the

Cl-norm.

Theorem 1 characterizes the set of all contribution mechanisms that satisfy the previous

four axioms.

Theorem 1. c(-,-) is a contribution mechanism on F = U°_; F™ which satisfies Axioms
1-4 iff there exists a unique nonnegative measure p on ([0,1],8) (8 is the set of all Borel
subsets of [0, 1]) such that for each m, for each F' € 7™ and for each w € R} with w # 0,

'oF ,

¢ (Fw)= [ —(w)du(t),j=1,..,m (5)
0 0%

That is, (5) defines a one to one mapping from all the nonnegative measures on ([0, 1], 8)

onto the set of all contribution mechanisms satisfying the four axioms.

For an intuitive interpretation of the formula (5) suppose that there is only one good
and the initial endowment is w. One can compute the increase in welfare resulting from a

marginal increase in the initial endowment at zero. This computation can be carried out



for successively larger initial endowments until w is reached. In this way we will have the
marginal addition in welfare arising from each additional unit of endowment at every step
of the way. The contribution of the good to the welfare function will be the average of these
marginal effects weighted by the measure y. In mutli-good environments, these computations
will be made on the diagonal (i.e. only at points where the endowments of different goods
are at a fixed proportion).

The axiomatic approach, as it stands, does not specify what measure p should be used.
However, slight modifications of the axioms can uniquely determine this measure. In what
follows, we provide two such modifications. The first one adds the requirement that the
contributions add up to the total welfare, Axiom 5. In that case, the unique measure p
satisying the axioms is the Lebesgue measure on [0, 1], according to which the formula in (5)

becomes

1
¢ (Fyw) = /0 g—f; (tw)dt, 5 =1,....m

This measure would average the marginal effects on welfare along the diagonal [0, w]. The
second one replaces positivity (Axiom 4) with a stronger requirement (Axiom 4’). In that
case, the unique measure is the atomic probability measure whose whole mass is concentrated
at the point ¢ = 1. The contribution mechanism specifies that, for any F' € F™ and any

w € R,
oF

Cj (F,U/) = 8_,’1,'] (’LU) s j = 1,...,m
According to this measure, the contribution of the jth good is simply equal to its marginal
effect on welfare at w. The additional axioms together with the resulting Propositions are

presented below.

Axiom 5. Welfare Allocation. For every F' € 7™ and every w € R
ijcj (F,w) = F (w)
j=1

This axiom asserts that the sum of contributions should be equal to the total welfare.

Proposition 1. There exists a unique contribution mechanism which satisfies axioms
A1, A2, A4 and A5. The measure p is the Lebesgue measure on [0, 1] and the contribution

mechanism is:

1
¢ (F,w) = /0 oF (tw) dt

Lj

For a proof of Proposition 1, see Young (1985).

Axiom 4’. Let F' € F™ and let w € R'',. If F' is non decreasing at each x < w in a
neighborhood of w then ¢; (F,w) > 0, for 1 < j < m.

This axiom requires that contributions are nonnegative at w even if F' is nondecreasing
only in a neighborhood of w. Note that axiom 4’ implies axiom 4 so that by theorem 1 a
contribution mechanism that satisfies axioms 1,2,3 and 4’ is of the form (5). But the available

set of mechanisms is now smaller.



Proposition 2. A contribution mechanism c(-,-) satisfies Axioms A1-A3 and A4’ iff

there exists a constant a > 0 s.t. for each m, each F' € F[,, and each w € R’ with w # 0

con
c¢(F,w) =aVF (w)
where VF (w) is the gradient of F' evaluated at w. Namely, for each j with 1 < j <m
/1
0

where 1 ([0,1]) = 0 and p (1) > 0. The measure g is an atomic measure which is fully

(tw) dp (t)

®|'11

concentrated at ¢t = 1.

For a proof of Proposition 2, see Samet and Tauman (1982).

Axiom 5 is natural when the question is the allocation of welfare. Axiom 4’ on the
other hand is quite strong. The interest in this one arises from the fact that it yields a
contribution mechanism and proper allocations that are familiar. Specifically, in a context
where the fundamental welfare theorems apply, the proper allocation will be Walrasian with
respect to the initial endowments. Put differently, our method of determining the welfare
weights will yield the same answer as the well-known Negishi method. This is reassuring
and provides further support to the use of proper weights when the welfare theorems do not
apply and the Negishi method cannot be applied.

A similar result can be obtained for the case of the Lebesgue measure (under Axiom 5),
albeit under the additional assumption of homogeneity. This is the objective of the following

section.

4. CHARACTERIZATION OF PROPER ALLOCATIONS IN HOMOGENEOUS ECONOMIES
This section characterizes proper allocations in economies where the individual utilities and
the constraints are homogeneous. We consider pure exchange economies with complete
markets and show that in these markets a constrained efficient allocation is proper iff it
is a Walrasian allocation (a competitive equilibrium allocation with respect to the initial
endowments). In a later section, we will provide examples of proper allocations for non-

homogeneous economies (whether these have complete or incomplete markets).

Proposition 3. Consider a pure exchange economy with complete markets. Suppose
that the utilities (u;);.; are all homogeneous of degree r for some r > 0. Then an allocation is
proper iff it is a Walrasian (competitive) equilibrium with respect to the initial endowments

w.

5. APPLICATIONS
We are interested in economies with incomplete markets where, to our knowledge, there is no
currently available method for determining welfare weights. The objective of these examples
is illustrative, with two goals in mind. To show how our methodology can be applied and
to hint on the potential importance of the choice of weights for economic applications. We
consider an optimal taxation problem under incomplete markets where households are not

ex ante identical. We focus on the Lebesgue measure.



5.1. The Economy. The model has two periods, t = 1,2 and two types of agents that
are indexed by i € {1,2}. In the first period, households receive an (certain) exogenous
endowment y; and they decide how much to consume ¢;; and how much to save k;. There
is a continuum of households of type 1 (receiving y;) of measure m; and a continuum of
households of type 2 (receiving y2) of measure 1 — 7. Thus households are not ex ante
identical, unless 1 = 2. In the second period, households work and consume. Consumption
cio equals income which arisesfromtwo sources, capital and labor. Capital income is Rk;
where R is the gross rateof return. Labor income is uncertain from the point of view of
period 1, since the endowment of labor in period 2 e; is stochastic. In particular, this

endowment is high with probability w2 and low otherwise:

efl with prob. m
€; = I .
e” with prob. 1 — m9

Households derive utility from consumption and from government expenditures go which
they treat as exogenous. Each period, households choose consumption demand as well as

savings (capital), to maximize their expected utility subject to their budget constraints:

max v(c1) + 6 [Wgu(cig(eH), g2) + (1 — m2) u(esn(el), 92)]

{ci1,cizk;
subject to
citki = i
cig(eH) = (1 —7) Rk; + wel
cig(eL) = (1 —7g) Rk; + wel

We assume the government levies proportional taxes on capital that are known to the
household ex ante.Letting K denote aggregate capital and assuming a balanced government
budget, go = 7, RK. The aggregate capital supply in this economy is derived from the saving

decisions of households as follows:
K =mik1+ (1 —m1) ke
Moreover, aggregate labor supply is exogenous and given by
L=mel + (1 —my)el

Both aggregate capital and labor are rented by a single firm at prices R and w respectively.
They are used as inputs to a constant returns to scale production function F(K,L). The

firm maximizes the period profits, leading to the following aggregate demand functions:

w = Fp(KP,LP)
R = Fg(KP LP)



5.2. Equilibrium. Given government policy (g2, 7% ), the competitive equilibrium is char-

acterized by the following conditions:

V(i) =B —71K) R (’ﬂ'zuc(cl’g (eH) ,g2) + (1 — m2) uc(cio (eL) ,gg))

ciit+ki = yi
cig(eH) = (1 —7) Rk; + well
cig(eL) = (1—74)Rk; +wel
TkRK = g2
w = Fr(mk + (1 —m) ko, moet + (1 —mo) eL)

R = FK(Tflk‘l + (1 — 7'('1) ]{2,7T2€H + (1 — 7T2) eL)
together with goods market clearing which is satisfied by Walras’Law.

5.3. Ramsey Problem. We consider an optimal (Ramsey) taxation problem where the
government chooses the optimal capital income tax (and government spending) in order to
pick the competitive equilibrium that maximizes aggregate welfare. Aggregate welfare is
a weighted average of individual welfare where each type’s welfare is weighted by A;. The
problem can thus be formulated as follows:

2
max Z/\ifri [0(ys — ki) + B [mou((1 — 74) Rk; + well | 7, RK) + (1 — mo) u((1 — 74) Rk; + weL,TkRK)H

TN+ T2y = 1
T = 1l—m=1-—-m
s.t.

V(yi—ki) =80 —T11) R (ﬂ'zuc((l — 1) Rki + well, TRK) + (1 — m2) uc((1 — 71) Rk; + wel, TkRK))

w = FL(ﬂ'lkl+(1—7T1)]€2,7T26H+(1—7T2)6L)
R = Fx(mki+ (1 —m) ko, maell + (1 —ma)el)

5.4. Numerical Results. We make some assumptions on preferences and technology in

order to obtain numerical results. We assume a linear production function
F(K,L)=RK +wL

implying that R and w are exogenous. To ensure that individual utility at zero equals zero,

which is assumed in the previous sections, we choose an exponential utility*

vie) = 1—¢e€

u(c,g) = 1—e “+46(1—e9)

1Our method can be easily applied to utilities that do not vanish at zero by applying a suitable transfor-

mation.
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Figure 1:

where the parameter & > 0 governs the preference for the government good relative to the
consumption good. Note that households of different types are assumed to have the same
utility. Although it would be interesting to consider heterogeneity in preferences, for the
purposes of this example we assume that households only differ in their initial endowments

y;-Table 1 below provides the parameter values used in the numerical computation.

Table 1: Parameter Values

B § r w m m el el oy oy

099 05 15 1 05 05 04 16 2 18

Note that welfare weights A; do not add up to one, so we normalize them and report their

A1
A1+

of the (normalized) welfare weight of type 1.

normalized values Figure 1 below displays how the optimal tax varies as a function

As reflected by the figure, the optimal tax varies significantly with the welfare weight of
type 1 agents. In particular, the lower is the welfare weight of type 1, the higher is the capital
income tax. In this particular example, the normalized weight on the poor turns out to be
considerable lower than 0.5 and the optimal tax rate is around 0.64. The graph also reflects
that if the government gives the same weight to both agent types then the optimal tax rate
is equal to around 0.5. This example, while just being illustrative, suggests that choosing
the same weights for all agents might strongly bias the results towards a lower optimal tax

rate.

6. CONCLUSION

To be written.
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Appendix A: Proofs

Proof of Lemma 1. Let F' € F/}, and consider a pure exchange economy with m
physical goods where for all ¢ € I and for all x € R w; (z) = F' (nz). Let w, be the vector
of aggregate initial endowments and let \; = % for ¢ € I. Since agents have the same utility,

we can write v instead of u;. By the concavity of F

g)\iu Z —F (na’) <F<Z—nm>—F<ixi>—F(wa)

i=1 i=1
Hence,
; "o (2f) st
ma};(z)el Zz 1 u(x) S SF(wa)
Yo J =wj,j=1,..,K
On the other hand,

max )\u i s.t. Zx; wj, j=1,..,m
zGIZ 1
> ZAu( wa> s.t. Za: = Wqj, j = 1,..
=1
= Z)\F Wq) s.t. Zaz =Wqj, j=1,....m
= F(wa)

Thus, F' € F™ implying that 7, C 7.1

Proof of Theorem 1. Suppose that ¢ (-, -) is a contribution mechanism on F = U°_, F™
which satisfies Axioms 1-4. The idea of the proof is to extend the definition of ¢ (-, -) from F
to Feq, where Foq = Use_ F7 and F) is the set of all continuously differentiable functions
F on R7 such that F(0) = 0.> Then we prove (5) for every F € F,q and hence for every
FeF.

By Lemma 1, we know that F}?, C F™ and hence c(-,-) is defined on F for all
m = 1,2,...We start by extending c(-,-) from F2 to Fo — F2 . which is the set of all
functions F’ which are the difference between any two functions in F/,. We then show that

con con con’

every polynomial on R™ is in F, — F2 . This will allow us to extend c () to F.q using

the fact that every F' € FJ can be approximated (in the Ci-norm) by polynomials on R™.
Suppose that F' = Fy — Fy, where I; € F[), for i = 1,2. For all w € R define

c(Fyw) =c(F1,w) — c(Fa,w) (6)

We now show that (6) is well defined. Namely, it does not depend on the representatives Fj
and Fy. Suppose that Fi, Fy, G; and Go are all in F}}, such that F1 — Fy» = G; — G2. We
need to show that

c(Fr,w) —c¢(Fa,w) = c(Gr,w) — ¢(Ga,w) (7)

5Note that not every F € F°¢ is a social welfare function. Furthermore, F°¢ contains functions which may

take negative values.
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Note that F} + G € F2, and G1 + F» € F7,,. Since F| + G2 = G1 + F» we have that

con
c(F1 + Ga,w) = c(Fy + Gy,w)
By the additivity axiom on F, ,
c(F1,w) + ¢(Ga,w) = c(Fa,w) + ¢ (G1,w)

implying (7), as claimed. We now have c (-, -) defined on FJ, — F/», and it is easy to show
that axioms A1-A4 are satisfied on this class.

The following lemma shows that ¢ (F,w) for w € R, is uniquely determined by the
behavior of F’ on the box X7, [0,w;] = Bw. In other words, it is enough to restrict ourselves

to the box Bw generated by w.

Lemma 2. Suppose that F' and G are in F, and let w € R, . If F'(z) = G () for all
z € R s.t. 2 < w then
c(Fyw)=c(G,w)

Proof of Lemma 2. Since F'(z) = G (z) for all 0 < x < w then F (z) — G (z) and
G (z) — F (x) are both non decreasing for all 0 < z < w. By the positivity axiom,

c(F,w) > c¢(G,w)
and
c(G,w) > c(F,w)
Hence, ¢ (F,w) = ¢(G,w).N
Definition 4. Denote § = Bw the box generated by w € RT, . Let 72, (/) be the set of

all continuously differentiable, concave functions F' with F'(0) = 0 restricted to 5. Namely,
Fir (B) is generated by F

con con

to 3.
By Lemma 2, for every w € RT,, c(-,-) is defined on F7, (8) — Flo, (B), where 8 = Buw.

Next, we define the C'-norm |[|-||; on F™ as follows:"

m
1E)l, = sup
i=1

where the sup is taken over x € 5. We first show that every monomial of the form

by simply restricting the domains of every function F' € F7.

or
8$Z‘

P (1, .y Tpm) = b zh2 gk, (8)

with b > 0 and non negative integers ki,...,k,, (with at least one of them positive) is in

Fion — Fen for every w € R, . The reason is that P (x1, ..., 2,,) is convex and therefore:

m
g(z1,.yy) = Zaﬂi — P (z1,..cy )
i=1

Note that ||-||, is indeed a norm, since ||F||, = 0 implies that F' = 0 due to the fact that F'(0) = 0.
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is concave. Since Zf;l a;x; is also concave it follows that g € F* and

con
m
P(z1,...;xm) = Zaixi — g (21, ey Tm) € Fooy — Foon-

We next observe that every polynomial is the sum and difference of a finite number of
monomials. Since FJ, — Flo.
is in F2. — FI

con con*

is a linear space we also conclude that every polynomial
Next, we note that every function F' € FJ; () can be approximated
by polynomials in the C'—norm (see Hilbert (1953)). Namely, there exists a sequence of
polynomials (P ()5, on R™ s.t

|Py — F|l; — 0, as k — oo.
We will show that ¢ (Pg,w) converges, as k — oo and we will define ¢ (P, w) as the limit
of ¢ (Pg,w), and the extension of ¢ (F,w) to F™ (and hence to F) will be completed.

Lemma 3. Let w € R}, and let (Py);.; be a sequence of polynomials on R s.t.
|Pyll; — 0, as k — oo on Bw. Then ¢ (P, w) — 0, as k — oo, for every w # 0 with
0<w<w.

Proof of Lemma 3. Since ||P||; — 0, as £ — oo, on Bw, by (8) P and its partial
derivatives converge to zero in the sup norm for every w € R’!" with w <. This implies that
for every € > 0 and for k sufficiently large both Py (1, ...,2m) + € 1oy x; and €y "y x; —

Py (z1, ..., xy) are non decreasing functions on Bw. By the positivity and the additivity

e

(£)-one

axioms

\Y
o

v
o

Hence, for k sufficiently large,

( sz,w> < e(Pow ( S ) o)

Note also that for every F' € F™ we have that ¢ (eF,w) = ec(F,w) (using the additivity
axiom this is true for any rational number € > 0 and by the positivity axiom it is easy to

verify that it is also true for any real number €). Hence, by (9) for & sufficiently large

—ec (Za:z,w> < ¢(Py,w) < ec (ia}i,w>
i=1

Since ¢ (> i, w) does not depend on k we conclude that limy_o ¢ (P, w) = 0. B

The following lemma shows that limy_. ¢ (Pg, w) exists if (Pg),.; converges to any

continuously differentiable function.
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Lemma 4. Let W € R, and let § = Bw. Suppose that F' € F7 and let (Py)z-; be a
sequence of polynomials on R™ s.t. ||P, — F||; — 0, as k — 00, on 3. Then limj_, ¢ (P, w)

exists for every w # 0 with 0 < w <.

Proof of Lemma 4. (P;);-, is a Cauchy sequence since it converges (to F'). That
is, for every € > 0 there exists N > 0 s.t. whenever j,k > N then ||[P; — Pl|; < € on
B. Let aj = ¢; (342 2, w) and let @ = 370"  aj. Let € > 0 and let 6 > 0 be such that
§ < min (e, £). Since (Py)p2; is a Cauchy sequence there exists N > 0 s.t.

I,k > N implies ||P, — Pyll; <0 (10)

By (10), P, — Py and the partial derivatives of P, — Py are smaller than § in the sup norm.
Hence, if I, k: > N both (P — Pg) (1,0 ) +0 X0 vy and 6 370 2~ (P — Pi) (%1, 5 Tn)
are non decreasing on (. By the positivity and the additivity axioms (which apply to
Fir, — Fi) we have that for all j = 1,...,m and for all w # 0 with 0 < w < 1w,

—e < —0c; (sz, ) <¢j (P — Py,w) < dc; (Zwi,w) <e€ (11)
i=1

By (11) and the additivity axiom
—e < ¢ (P,w) —¢j (Py,w) < e

or
|cj (P, w) — ¢ (Pr,w)| < e

Consequently, (¢j (P, w))pe; is a Cauchy sequence on the real line. Since the real line is a
complete space every Cauchy sequence converges to a limit. Hence (¢; (Py,w)),- and thus

(¢ (Pg,w))pe; converges to a finite limit. W

We are now ready to extend c(-,-) to Foj. Let F' € F and let w € R with w # 0.
Suppose that w € R, s.t. w <w and let 8 = Bw. There exists a sequence of polynomials
(Pp)pey on R s.t. ||Py — F|l; — 0, as k — oo, on 5. By Lemma 4 (¢ (P, w)),—, has a limit.
Define

c¢(F,w)= lim c(Pg,w) (12)

k—o0
We need to show that (12) is well defined and does not depend on the representative sequence
(Pg)p—;- Suppose that also the sequence (Gj)z-; of polynomials converges to F' on B = Bw,
where @ € R7, and w < @. Let 8 = BN B. Then | Py — F|l; — 0 and |Gy — F||; — 0 as
k — oo, on 3. Thus,
|Py — Gilly = |Ps = F+ F = Gylly < ||Pe — Flly + ||F = Gyll; — 0 as k — oo, on 3
and
| Py — Gill; — 0 as k — oo, on 3
By Lemma 3, we have that limy_.o ¢ (Py — Gk, w) — 0, as k — oo. By Lemma 4, limy_, o ¢ (Pg, w)
and limy_o ¢ (G, w) exist and by the additivity of ¢ (-, w) on F2, — F

con con

lim ¢ (P, )—hm ¢(Gg,w) — 0 as k — oo.

k—o0 k—o0
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Consequently,

klim c(Pg,w) = klim ¢(Gg,w) as k — oo,

and (12) is well defined.
It is easy to verify that ¢ (F,w), which is now defined for every F' € F}, satisfies the first

two axioms of rescaling and consistency. In addition, ¢ (F,w) is linear, namely
c(aF +vG,w) = ac(F,w) +vc(G,w)

for all real numbers o and y and all F' and G in F}j. Furthermore, c (-, w) is weakly positive.
Namely, for w € R, if F' € F7; and F' is non decreasing on Bw then ¢ (F,w) > 0.

We are now ready to complete the proof using the technique in Samet and Tauman
(1982). A sketch of the proof is provided in what follows. We next prove the theorem for

the one dimensional case (or the single product market).

Lemma 5. There exists a unique non negative measure p on ([0, 1],8) such that for
each w € Ry and for each F € FL, ([0,w])

1
¢ (Fw) = /0 F (tw) dp (1) (13)

Proof of Lemma 5. We first prove the lemma for the case with w = 1. Let C'[0, 1] be the

set of all continuous real valued functions on [0, 1]. There is a one to one linear mapping ¢
from C [0, 1] onto FL, ([0,1]) defined by

(of) (@) = /0 Cf ()t (14)

for all f € C'[0,1] and all 0 < 2 < 1. Observe that ¢(-,1) defines a functional ¢ on C'[0, 1]
by’
¥ (f) =clef1), feC[0,1] (15)
The additivity and positivity of ¢(-,1) on F.; implies the additivity and the positivity
of » on C'[0,1]. Note that positivity means that ¢ (f) > 0 whenever f > 0. This follows
from (14) since f > 0 implies that ¢f is non decreasing in F2, ([0,1]). Moreover, additivity
of C'[0,1] implies that
v(f+9) =4 () +¢(9)

Using the additivity and positivity of v it is easy to verify that ¢ (af) = aa)p (f) for each

real number «. Indeed first let a = %, where k is a positive integer. By additivity we have

that ) ) ) )
V(f)=1v (kgf> =9 <Ef+"'+Ef> = ki <Ef>
Thus a1 (f) = ¢ (af). Suppose next that a = %, where ¢ and k are positive integers.
Then by the additivity of ¥, ¥ (£f) = ty (%f) Since ¥ (%f) = % (f) we have that

"Note that ¢f is a continuously differentiable function and (¢f) (0) = 0. Hence ¢f € F; and c(¢f,1) is
well defined.
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¥ (£f) = £ (f). Next suppose that o« = —£. Since ¢ (0) = 0 we have that ¢ (—£f + £ f) =
1 (0) = 0. By the additivity of ¢ we also have that 0 = 1 (—%f) + (%f) Hence,
t t
o (=3f) =70

and therefore ¥ (af) = ay (f) for every rational a. Finally, let a be a real number. Let
(rk)peq be an increasing sequence of rational numbers and let (si)p-; be a decreasing se-
quence of rational numbers s.t. r; T a and s; | «, as k — oo. Since (. —rg) f > 0 and
(sk — «) f > 0 by the positivity of ¥ we get that

U (af —rrf) 20 and ¢ (sp.f —af) 20

By the additivity of 1

e (f) = ¥ (ref) < o (af) < (swf) = sy (f)

Letting kK — oo we have that

a (f) <P (af) <o (f)

so that at) (f) = ¥ (af). Consequently, 9 is linear, namely

Y (af +v9) = ap (f) +7¢ (9)

for any real numbers «, vy and any f,g € C'[0,1]. Since 1 is a positive functional on C'[0, 1]
the Rietz Representation Theorem implies that there exists a unique nonnegative measure

won ([0,1],8) s.t. 1

v (f) = [ f(®)du(t)
/
This together with (14) and (15) imply that

c(F1) = [ F (t)du(t) (16)

o

where

F<m>=/f<t>d<t>
0

When we vary f over all functions in C'[0,1] we vary F over all FL, ([0,1]). Therefore,
by Lemma 2 (16) holds for every F' € FL. Next, let w > 0 and let F € F). Define
G (z) = F (wz) for all z € [0,1]. By (16),

1

c(G,1) = /G’ (t) dp (¢)

0
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By the rescaling axiom, ¢ (G, 1) = we (F,w). Thus, for all w > 0

1

1
¢ (Fw) = % / & () dp () = / F (tw) du (¢)
0

0
and the proof of the lemma is complete.ll

Lemma 6. For any polynomial ¢ on R™ of the form
Q(1,.yTm) = (N1 + ... + nmajm)l

and for any w # 0

1

¢ (Q,w) = 96, (tw)dp (t), for j=1,....,m
0z

0

Proof of Lemma 6. Suppose that n; >0 foralli=1,...,m. Let L : R — R be defined by

L(z) = x'. Then

Q (@1, mm) =L [ > nja; (17)
i=1
Let
1 1 -
F(x1,.,xm) =Q n—lxl,...,aa}m =1L Jz:;a:j (18)

By the consistency axiom and by Lemma 5, for every ¢, 1 <7 < m,

m 1 m
¢ (F,w) =c (L, Zwk) = /L’ (tZwk> dp (t) (19)
k=1 k=1

0

By (17) and (18)
Q (1, .y Tm) = F (n121, ...y npp ) (20)

By (17), (19) and (20) and by the rescaling axiom,

1
¢ (Q,w) = njc; (F,n*w) —nj/ (thkwk) dp (¢ :/6i (tw) dp (t)
0

0

and the proof is complete for all n; > 0 and j = 1,..,m. It is easy to extend the proof to the

case in which n; >0 for j =1,...,m.l

Lemma 7. For any polynomial P on R and every w € R'" and w # 0

e (Po) = [ 50 (tw) du 1)

Proof of Lemma 7. Any polynomial P on R™ is of the form

P xl;"'v Zaka Tl T ) (21)
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where Q) is of the form given in Lemma 6 (see Aumann and Shapley (1974), p. 41). By the

linearity of ¢ (-, w) we have

cj (P,w) =¢j (Z aka,w> = Zakcj (Qka w)
k=1 k=1
By Lemma 6,
. ' oQy
(Pyw) = —= (tw) dp (¢
5 (Puw) ;a/ e () dia (1)

By (21) and by the fact that the integral is linear
top
i (Pw) = — (tw) dp (¢
e (Pw) = [ 5 (hw) du 1)
as claimed.l
To complete the proof of the theorem, let F' € F/;. Let w € R and let w € R, s.t.
w > w. Then there exists a sequence of polynomials (P;)p—, on R™ s.t. |P, — F||; — 0 as
k — oo on 3, where 8 = Bw. By definition and by Lemma 5, for every j, 1 < j <m,

1

¢ (F,w) = klingo ¢j (Py,w) = khigo Z—Z (tw) dp (t)
/ oF
-/ 5o (1) du 1)
0

This completes the proof of the theorem asserting that for every contribution mecha-
nism c (-, -) which satisfies the four axioms there exists a unique non negative measure x on
([0,1],8) s.t. for every w € R, every F' € F™ and every ¢ with 1 <i <m

1
oF

¢ (Fyw) = [ — (tw)du(t
(P = [ 5 () du
Finally, it is easy to verify that each such mechanism satisfies the four axioms. This completes
the proof of the theorem. H

Proof of Proposition 3. Suppose that x = (:1:1, ,;U”) € R is a proper allocation.

Then in particular z is Pareto efficient, namely, there exists (A;);c; s.t.:

n
T € arg max Z)‘i“i (yz) s.t.
(yl)iEI =1

2y s v =w
icl icl
By the second welfare theorem, x is a Walrasian equilibrium with respect to the case where
the initial endowments are z. That is, for every i € I, = solves:
max u; (yl) s.t.
yleRT,
i i

py = pT
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It is easy to verify (and well known) that up to a positive factor

p=VF (wa) = X\ vV u; (2') (22)

Since u; is homogeneous of degree r for each ¢ € T
xi YV U; (.’L‘Z) = TU; (x’) (23)

Next observe that F) (w,) is also homogeneous of degree r. Since x is a proper allocation

Ait; (331) B whe (F,wg) (24)
D ker MUk (TF) - STE whe (Fw,)
where for some nonnegative measure p on ([0, 1], 8).
1 1
c(Fywg) = /VF (twg) dp () = —VF (wq /tr Yau (t)
0 0
1
Let v = /tTld,u (t). Then by (22)
0
g v
F w,) = ~VF (tw,) = — 25
e (F,w0) = L9F (twy) = Lp (25)
Consequently, by (24) and (25)
Awi () pw' pwt (26)
Dower Mtk () S pw pwa
By (22) and (23)
i (mz) B Aiz'Vu; ( ’) B 2'VF) (wg) (27)
> ker Atk () Zke[x AeVug (z%) 3 pep 2PV EX (wa)
p’ p’

p Zie[ at P,

By (24), (25), (26) and (27) we have that px! = pw® and hence every i € I maximizes

max u; (yz) s.t.
y?,

) )

Py < pw

This implies that x is a Walrasian equilibrium with respect to w.
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