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Abstract

We analyze practical aspects of implementing adaptive learning in the context of forward
looking linear models. We focus on how to set initial conditions for three popular algorithms,
namely recursive least squares, stochastic gradient and constant gain learning. We propose
three ways of initializing, one that uses randomly generated data, one that is ad hoc and one
that uses an appropriate distribution. We illustrate via standard examples, that the behavior of
macroeconomic variables not only depends on the learning algorithm, but on the initial
conditions as well. Furthermore, we provide a computing toolbox for analyzing the
quantitative properties of dynamic stochastic macroeconomic models under adaptive learning.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

By now, there exists an extensive and well established literature on identifying and
studying the asymptotic properties of adaptive learning algorithms in macroeconomic
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models." However, it was not until very recently that adaptive learning has gained
popularity in applied macroeconomics, especially in dynamic general equilibrium
settings. For example, recent literature has used adaptive learning to study topics like
the evolution of US inflation and the importance of expectations for its
determination, the effects of monetary policy on macroeconomic variables,
hyperinflations, business cycle fluctuations, asset prices, structural changes and
policy reforms (see for example, Sargent, 1999; Cho et al., 2002; Bullard and Cho,
2005; Marcet and Nicolini, 2003; Williams, 2003; Milani, 2005a, b, c; Orphanides and
Williams, 2005a, b; Bullard and Eusepi, 2005; Carceles-Poveda and Giannitsarou,
2006; Giannitsarou, 2000).

The aim of our paper is to contribute to this rapidly expanding quantitative and
empirical literature by (i) providing a unified and self-contained framework that can
be used to analyze the learning dynamics of a wide class of dynamic stochastic
macroeconomic models numerically and (ii) illustrating the importance of initial
conditions for different learning algorithms for short and medium time horizons.
Short horizons are of particular relevance for macroeconomics, since typical time
series are rather short. Moreover, short run learning dynamics are important when
considering the effects of structural changes, since they allow for gradual adjustment
towards a new equilibrium. As shown in Bullard and Eusepi (2005) and
Giannitsarou (2006), short run learning dynamics can be very different from the
corresponding rational expectations dynamics.

We study two general reduced forms. The first is a forward looking model with a
lagged endogenous variable. This particular reduced form often arises in
macroeconomics, as it may result from dynamic nonlinear general equilibrium
models that can be log-linearized around a steady state, such as the stochastic
growth model and the basic new Keynesian framework. The second reduced form is
a purely forward looking model, in the sense that it does not include a lag of the
endogenous state variable. We provide two examples of such models. The first,
corresponding to the reduced form with a lag, is the standard stochastic growth
model with inelastic labor supply. The second example is the Lucas tree model,
which has a purely forward looking reduced form.

First, we explain how to rewrite all the examples in the generic reduced form once
they are log-linearized around their steady states.”> Once a model is written in
reduced form, we then explain how to get the rational expectations equilibria, by
deriving minimum state variable (MSV) solutions using the method of undetermined
coefficients. Here, we focus on models with a unique stationary solution.

Following this, we turn to a brief discussion of general adaptive learning
algorithms and their asymptotic properties. We focus on three different algorithms,
recursive least squares (RLS), stochastic gradient (SG) and constant gain (CQG)
learning, for which we briefly review the conditions that must hold in order for them

'For a comprehensive analysis of the asymptotic properties of adaptive learning algorithms in
economics, see Evans and Honkapohja (2001).

2Note that, while we focus on a univariate specification, our work can easily be extended to a
multivariate framework.
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to converge to the unique rational expectations equilibrium. For the least squares
and CG algorithms, we provide a derivation of their recursive forms. As part of these
derivations, we point out some technical complications that arise when ensuring that
the recursion is well defined.

Next we discuss how to initialize the recursion and propose three possible ways of
setting the initial conditions. One is based on randomly generated data before the
recursion begins, the second just sets ad hoc initial conditions and the last is a variant
of the first that initializes using an appropriate distribution of the coefficient to be
estimated. We argue that each of these ways of initializing the algorithms is more
appropriate depending on the situation the researcher wishes to study. The first way
of initializing is reasonable if one assumes that it takes some time to collect data; the
ad hoc method could be useful when studying structural changes or when the initial
condition can be estimated from data; finally, the distribution method could be
suitable in a context with heterogeneous initial priors, since the algorithm would
start from some average beliefs.

Next, we discuss important differences between the three learning algorithms, as well
as their advantages and disadvantages given the context within which they are used. For
example, SG learning is relatively simple, and there are no technical complications
related to the recursion when initializing the algorithm. However, it is not clear that it
should be preferred to RLS, since it is inefficient (in the econometric sense) and its speed
of convergence depends crucially on the size of the variance of the exogenous shocks.
Moreover, the estimated coefficients under CG learning do not converge to a single
point but to a distribution around the rational expectations value of the estimate.
Whereas this represents a bigger departure from rational expectations, it might be more
useful than the other algorithms for explaining particular stylized facts.

Finally, we illustrate in detail how to numerically implement learning through the
two examples and provide comparisons between possible outcomes for different
initial conditions and different algorithms. These are done graphically, but also by
providing statistics such as relative deviations and correlations of the variables of
interest, which are typically used in the macroeconomic literature. In general, we find
that the initial conditions may matter a lot for the evolution of the different
variables, especially in models with a lagged endogenous variable, where the rational
expectations equilibrium is often very close to the stationarity bound, i.e. close to
one. Different algorithms also matter for the dynamics but appear to be less
important for the evolution of the variables than the initial values.

The paper is accompanied by a programming toolbox which implements all these
steps.” The structure of the toolbox, as well as all the codes, are explained in detail in
a manual accompanying the toolbox. The main set of codes is written in a general
way so that it can be used for any model satisfying our reduced form models. We
also provide model specific codes for analyzing the examples presented in the paper.

The paper is organized as follows. The next section presents the two reduced form
models that we study throughout the paper and provides examples of models that

3The codes are written for Matlab and Mathematica and are available at http://www.econ.cam.ac.uk/
research/learning/. Updates for the toolbox will be provided at the same website.
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can be written in such reduced forms. Section 3 reviews how to obtain the rational
expectations equilibria for such models. Section 4 provides a brief general discussion
of adaptive learning in the context of linear models. The next three sections focus on
the three algorithms of interest. Section 8 presents numerical results based on the
examples we introduce in Section 2 and finally Section 9 concludes.

2. The models

In this section we describe the two reduced form forward looking models of
interest. The first includes a lag of the endogenous variable, while the second is
purely forward looking. Following the two reduced form models, we present two
examples of well known economies that can be written in this forms.*

2.1. Forward looking reduced form with a lagged endogenous variable (FLL)

We first consider univariate forward looking models with a lagged endogenous
variable, which have a reduced form that is given by
ki = a1Eiky + ark—y + bz, (1)
Zr = PZi-1 + &, (2)
where a;, a; and b are constants that depend on the model parameters, k; is the
endogenous variable of interest and z, is an exogenous shock, assumed to follow an
AR(1) process with an iid(0,¢%) disturbance ¢. Throughout the paper, we will
assume that the stochastic process is completely known to the agents, i.e. the agents
know that z, follows an AR(1) process and the parameters p and ¢ are also known.
This reduced form may derive from a linear model or may arise from the log-
linearization around a steady state of a nonlinear model. The original model may
also be described by other endogenous (non-state) variables in the model. Such
variables can in general be rewritten in terms of the state variables only. For
example, for any such variable ¢,, we can write

4, = Yk + ki1 + 7320 + VaEikra, (3)

where the coefficients y,; depend on the parameters of the model.
2.2. Purely forward looking reduced form (PFL)

The second reduced form we consider is a special case of (1)—(2) where a = 0, so
that it does not contain the lag of k;. The reduced form model is given by

ki =a1Ek1 + bz, 4)
Zp = pzZi—1 t &, ®)

“The accompanying toolbox also contains a third example which is the RBC model with capital and
labor income taxes, as in Giannitsarou (2006).
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where a; and b are constants that depend on the model parameters, k; is the
endogenous variable of interest and z, is an exogenous shock, assumed to follow an
AR(1) process with an iid(0, %) disturbance ¢. Once again, we assume that the
parameters characterizing the exogenous process z; are known. Furthermore, other
variables of the original model again take the form

4, = vgke + 7370+ VgaEdkin, (6)

where the coefficients y,; depend on the parameters of the model. Since this reduced
form does not contain a lag of the variable of interest, the rest of the variables do not
depend on k,_; either.

2.3. Examples

We now illustrate the general procedure for deriving the reduced form of
nonlinear models via two standard examples: the simple stochastic growth
model and the Lucas tree model. After presenting the models, we summarize the
necessary equilibrium conditions, the steady state values and the log-linearized
system of equilibrium equations, from which we derive the reduced form. The first
example fits into the FLL reduced form. The second example fits into the PFL
reduced form. Other models that can be written in these reduced forms are variations
of the real business cycle model, as well as simple variations of the new Keynesian
model.

The general procedure for finding the reduced form of a nonlinear model involves
the following steps: (i) determine the equilibrium conditions, such as the constraints
and the first order conditions; (ii) find the steady state of the model as a function of
the parameters; (iii) log-linearize the system of equilibrium conditions to make the
equations approximately linear in the log-deviations from the steady state; (iv)
reduce the log-linearized system of equilibrium conditions to a system of equations
that expresses the current endogenous state variables of interest as linear functions of
the exogenous states, as well as one-period-leads and one-period-lags of the
endogenous states. Since steps (i)—(iii) have been extensively discussed in the
literature by authors like McCallum (1983), Campbell (1994) or Uhlig (1999), we
concentrate on step (iv), which we derive for our examples.

In principle, the reduced form of a nonlinear model can be obtained with paper
and pencil, but it might be very tedious to do it by hand when the model becomes
more complicated. For this reason, we illustrate the procedure by deriving the
reduced form coefficients by hand for our first example, and we also provide model
specific Mathematica notebooks with the derivation for other examples.® Since the
models are relatively standard and the main aim of the section is to illustrate how to
calculate the reduced form coefficients and the set of rational expectations equilibria,
we focus on the mathematical description without providing a detailed description of
the models.

>The Mathematica files can be easily modified by the user, to accommodate for a variety of models.
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Example 1 (The stochastic growth model). The social planner solves the following
problem of the representative household:

clr —
AETOVE S "
st. C,+ K, =(1-0)K,-1+ Y, (®)
Y, =Z,K]_|, )
log ZI = .D lOth_] + 7 Slwiid(oa 62)) (10)

where C, is consumption, K, is the aggregate capital stock, Y, is production and Z, is
the total factor productivity. Furthermore, f € (0,1), o« € (0, 1), 6 € (0, 1), 7, p, and o,
are parameters representing the household discount factor, the capital income share,
the capital depreciation, the household risk aversion, the shock persistence and the
shock innovation variance, respectively. After taking the first order conditions, the
system of equilibrium conditions can be summarized by

1=ﬁEZ[< c ) Ze K2+ (1 -3y, (a1
Citi

Ci=(1-0)K 1+ ZtK{_l - K, (12)
Y, =ZK!|, (13)
logZ, =plogZ, | +¢,. (14)

Next, let the log-deviation of any variable Q, from its steady state value O be
q, =10g(Q,) — 1og(Q). Then, the log-linearized conditions are:°

0= Ey(c; — i) — ocﬁ@(l — )k, + afp0zp41], (15)
KR Y

Cr = C — ki1 + C—,Zt —kta (16)

Ve=zi+okiq, (17)

Zt = pzZi—1 + &, (18)

where 0 = (1 — f+ o) /ap.

Once we have the log-linearized system of equations, we can obtain the reduced
form of the model by eliminating all the variables apart from the states from the
Euler equation. In the present example, we can use the resource constraint and the
law of motion of the exogenous shock to substitute for ¢, ¢,41 and z,y; in the Euler
equation until it is a function of the exogenous state variable z,, the endogenous state
k;, its expected future value E;k,; and one lag k,_;. Note that, to eliminate z,,; from

®For completeness, the steady state equations for the examples are provided in Appendix A. The
appendix also contains the derivation of the reduced form for the first example. In addition, the
Mathematica files example_l.nb and example 2.nb contain details of the reduced form coefficient
derivations for the two examples. The file example_3.nb contains the same derivations for the variation of
the standard RBC model with income taxes.
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the Euler equations, we use that E,z,.| = pz,. We then obtain

K + KR+ opo(1 —a)C K KR
(V / C—,ﬁ ( ) )kt = %Etkr+1 +VC ki1
Y —ypY ¢
N <v Y + ocli’@pC)Zt. (19)
C
Finally, isolating k,, we get the reduced form of the model:’
ki = a\Eik 1 + ark, 1 + bz, (20)
Zr=pzZi—1 t+ &, (21
where
a=— K - (22)
(yK + yKR + af0(1 — 2)C)
KR
= . (23)
(yK + yKR + afo(1 —2)C)
VY =¥ g
GY —ypY 4+ appC) (24)

~ GR 1 yRR+ 2f0(1 —2)C)’

Last, the rest of the endogenous variables of the model, i.e. output and
consumption, can be written in the form of Eq. (3), with

Ty = 0, V2 =% Vy3 = 1, Vya = 0, (25)
Yel = —K/C, Y2 = _KR/C’ Ye3s = Y/C, Vet = 0. (26)
Example 2 (The Lucas tree model). In the Lucas tree model there is no endogenous

production, therefore in equilibrium C, = D,, where D, is the dividend of the tree.
Further, the price of the tree is equal to

Dy
D,

-y
P = ﬁEr( ) D1+ Piy), 27)

where the exogenous dividend process is given by®

logD, = plog D, + ¢ (28)

"When calculating the reduced form, it is important to note that one might encounter problems of
invertibility, since some of the terms we have to divide with, such as the numerator multiplying k,, might
be equal to zero. While this problem does not arise in the present examples, it might be the case in the
presence of multiplicity or indeterminacy of equilibria, an issue which is outside the scope of the present
paper.

81n the following specification for the dividend process we have implicitly made the assumption that the
steady state for the dividend is D = 1, implying that C =1 and P = /(1 — p).
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and ¢~iid(0,6?). The log-linear system of the equations that describe the model is

pi=PEp+ (=B =)Eidi1 +yd;, (29)
¢ =d, (30)
div1 = pd; + €41 31)

Finally, we can write the model in the form of (4)—(5) as follows:

pr=aaEp. +bd, (32)
di=pdi_1 + ¢, (33)

where ¢ = fand b = (1 — § — y)p + y. The other variable of interest, ¢, is written as
¢, =d;sothaty,, =y4=0and y5;=1.

3. Rational expectations

To find the rational expectations equilibria of the reduced form models, we use the
method of undetermined coefficients, explained in detail in McCallum (1983),
Campbell (1994) and Uhlig (1999). We look at each reduced form in turn.

3.1. FLL

We first conjecture that the solution for the endogenous state variable of interest is

a function of the state variables of the model k,_; and z,, i.e. the conjectured solution
for k; is of the form

ki = nygki—1 + Myz1s (34)

where 1, and n,. are the elasticities of k;, with respect to the two state variables.
Substituting for z, = pz,_| + &, we obtain

k= (/)kkt—l + .z + Ny (35)

where ¢, = > . = Npp, N, = $.&/p and ¢, and ¢. are the two undetermined
coefficients. Using the previous equation to substitute for the expectation term in the
reduced form, we get

ki = a\(ik: + ¢.z,) + ark,—1 + bz;. (36)

Rearranging terms and using again the fact that z, = pz,_| + ¢, the previous
equation can be rewritten as

(1 — a1k, = ark,—y + (a1, + b)pzi—1 + (a1 ). + D). (37)
Therefore,
k, @ (@19 +b)p ap.+b (38)

- 1 —ai¢; 1 —a¢, ! 1—6l1¢k8t.
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Finally, since the coefficients of k;_; and z,_; in (35) and (38) have to be the same, we
must have that

as

_ (@t by
=T g, ™ T a,

which in turn gives the solutions

- 1

¢ = 2 (1 +1- 4ﬂlaz), (40)
. bp
qs:_l—éll(P‘f‘(f_’k).

(39)

(41)

Clearly, the reduced form model has two solutions ¢ = (¢, ¢.), corresponding to
the so-called MSV solutions.” Moreover, it is known that the model is regular, i.e. it
has a unique stationary solution if and only if |a; +az|<1 (see Evans and
Honkapohja, 2001). In general, if the reduced form derives from the log-linearization
of a model similar to our examples, we will have saddle-path stability or a unique
stationary solution. If the model yields two stationary solutions, then the model has
also non-fundamental solutions, such as sunspot solutions. Here, we only study cases
with a unique stationary solution.

3.2. PFL

The rational expectations MSV solution can be obtained by conjecturing that

pe= ¢zt (42)

where 7, is some white noise shock. Following an analogous procedure as for the
FLL, we must have that

¢ = (a1 + b)p. (43)
so that the MSV solution is
- bp
= 44
¢ 1 — ayp ( )

The solution is unique. It is finite as long as a;p#1.

°Given the reduced form coefficients a; , ap and b, the MSV solutions for our examples can be calculated
either by using the Mathematica notebooks example_1.nb and example_2.nb or by using the Matlab file
solution.m. For a definition and discussion of MSV solutions, see Evans and Honkapohja (2001). There
are some variations in the definitions of an MSV solution in the literature (e.g. see original definition of
McCallum, 1983). However, they all boil down to the same principle, which is solutions that are
determined by the smallest possible number of state variables (and lags of those).
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4. Adaptive learning

In this section we provide a brief background on adaptive learning that we will be
using throughout the paper. We assume that agents do not form expectations
rationally, but instead learn or use estimates of the coefficients ¢, which they update
in every period by employing some econometric technique. Before presenting the
general learning algorithm, it is important to note that the forward looking nature of
the reduced form models leads to a problem of simultaneity, in the sense that the
solution k, and the coefficients ¢, would have to be determined simultaneously if
households used ¢, to form the period ¢ expectations. To overcome this problem, we
assurrlloe that agents forecast k,.; using their estimates from the previous period
br-1-

For the FLL reduced form, this assumption means that agents form expectations
according to'!

Efkiy1 = §pyike + oy 2re (45)
Inserting this into the reduced form and substituting for z, = pz,_; + &, we obtain
ki = a\(by,_1ki+ ¢ 12) + arki1 + bz,
(1 —arpy, ki = aki1 + (a1, + D)z,

a arp.,_;+b
—k, = ki1 + : z
T - al(z)k,zfl - 1 - ald)k,zfl '
ay (a1¢z —1 + b)p al(pz t—1 + b
—k;, = ki—1 + : Zil+——¢
T - al‘]ﬁk,zfl - 1 - al(bk,tfl ! 1 - al(bk,zfl '
k= Ti(d,_ Dkt + Talp,_)zi—1 + V(d,_ e (46)
where
a
T )= 47
O @)
(a1, +b)p
Typ)=—"—"—" (48)
2T 1_a1¢k,t—l
a1¢z — +b T —
V((btfl) — Jg—1 — 2(451 1). (49)
1 — a1¢k,t—l P

Given the previous period estimates ¢,_;, expression (46) is the actual law of motion
(ALM) for the endogenous state variable k,. The assumed expectations formation
(45) is consistent with the realized k,, in the sense that, if households form
expectations as above, the realized k, depends on the relevant state variables and it is

0Alternatively, one may assume that k, is not included in the information set when forming
expectations, i.e. expectations are formed using data up to # — 1 (see Evans and Honkapohja, 2001).

""'We have not included a constant in the expectations formation, as our implicit assumption is that
agents are aware that they are estimating deviations of a variable from its steady state. However, an
intercept may be easily added to the formulation of the problem without altering the analysis in any
significant way.
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therefore not misspecified. Finally, if the model contains some other endogenous
variable determined as in (3), the actual law of motion of the variable is given by

@ =0aT1( @)+ 70 +7u4bk1 T1(P ki

+a V(i) + 13 + 704 Prit V(i) + 704 ®- -1 120 (50)
For the PFL reduced form, we assume that expectations are formed according to
Ejk[.’,] == (Ibl—lzf (51)

and with similar arguments we obtain the ALM of k,,
ki =T(p,_1)ze—1 + V(P,_1er (52)

where
T(¢,—1) = (@1, + D)p, (53)
T(¢,—1)

V(i) =ard g +b="—""55. (54)

Last, the rest of the variables of the model can be expressed as
q, = [Vql V(¢t—l) + ng, + Vq4¢t—l]zt~ (55)

The assumption that agents use ¢,_; to form expectations about tomorrow’s k4
is based on the following sequence of events during a period: at the beginning of a
period, the current state variables are realized (implied by the ALM). These are then
used to update the estimates. Finally, they are also used in combination with
previous period’s estimates to form expectations about the endogenous state variable
in the next period. The time line of the learning process is summarized in Fig. 1.

e - period z-1 period 1 s -

v
™

W

k., is realized k, is realized
from ALM from ALM
Agents estimate Agents estimate
¢+qusing all data, ¢, using all data,
including k,_; including &,
Agents form Agents form
expectations about ; expectations about
using estimates from k., using estimates
previous period, ;. from previous period,
and realized k. ¢, and realized k,

Fig. 1. Timeline of adaptive learning.
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Next, note that a general adaptive learning algorithm can be represented by
0= 0,1+ g,0(,0,-1,x-1), (56)

where 0 is a vector of parameters to be estimated, i.e. ¢ and other auxiliary
parameters, x is the vector of state variables (which will in general depend on the
estimated parameters 0), g, is the gain sequence and Q determines the updating based
on the forecasting error. The gain sequence must be strictly positive and it may be
specified as decreasing or constant over time. As we will see in the next sections, the
asymptotic results differ depending on the specification. The function Q will typically
be a combination of the mappings 7 and V' evaluated at 0,_;.

Given that certain assumptions are satisfied (see Evans and Honkapohja, 2001),
the general algorithm (56) can be associated with the ordinary differential equation
(ODE)

do = h(0), (57)

dz
where i(0) = lim,_, . E[O(t, 0, x,(0))]. If the ODE has an equilibrium point 6* which is
locally asymptotically stable, then the algorithm converges to 6. If 6* is not an
equilibrium point, or if it is not a locally asymptotically stable equilibrium point of the
ODE, then the algorithm converges to 8* with probability zero. If the ODE method
can be applied, then the local asymptotic stability of an equilibrium 6* (and hence
convergence of the learning algorithm to it) is determined by the local asymptotic
stability of the associated ODE, which in turn is determined by the stability of the
Jacobian matrix J(0*) = Dgh(0*). Therefore, the conditions required for convergence
and stability of the learning algorithm, henceforth stability conditions, are derived by
imposing that J(6%) is a stable matrix. More detailed discussions on the asymptotic
properties of specific algorithms are presented in the next few sections.

5. Recursive least squares (RLS)

In this section, we turn to the RLS algorithm, which is the most widely used
algorithm in the learning literature, since it is an intuitive and reasonable estimation
technique if the agents in the model are viewed as econometricians. First, we derive
the RLS learning algorithm from the usual OLS expression for the particular
reduced forms at hand. Although this is a tedious but straightforward exercise (see,
for example, Ljung and Séderstrom, 1986), it is useful to do the derivation in order
to clarify some issues regarding the determination of initial conditions and the early
periods of estimation.

At the beginning of period ¢, the vector of state variables x, is realized, based on
the actual law of motion. For the FLL reduced form, the state variables are x; =
(k:,z,) and they are given by

o <k> ) (Tl(zs”) Tz<i>rl>) (";) n (V(";’—l))s,. (58)



E. Carceles-Poveda, C. Giannitsarou | Journal of Economic Dynamics & Control 31 (2007) 2659-2697 2671

For the PFL model, the sole state variable is x, = z,. The ALM of k; is given by
ki =T(Q,)Xi—1 + V(d,_ e (59)
and the law of motion for z,, which is exogenous, is simply
Z; = pzi—1 + & (60)
Using the realized observation k;, the agents now run the regression
ki=x_1¢+n, (61)

to obtain a new estimate of ¢,. An appropriate estimation is ordinary least squares,
which yields

t -1 t
¢, = (Z Xi—lx;_|> Z Xi—1ki. (62)
i=1 i=1

To write the recursive expression of the OLS estimator, let

t
/
S; = E Xi—1X;_,-
i=1

Then, we have that
S =81+ xtflx;,p (63)
b= by + ST xi ke = X1 4,). (64)
To write the above RLS algorithm as it usually appears in the adaptive learning

literature, we can either define R, = S,/t or P, = S,;/t. Using the definition of R,,
we get

1, 1

;St = I(Szfl +xt71x;_1)

1 1
=—S5_ 1 —-——S
(— 1707 T =)

R;

1 1
—1 +;x1—1x;_1 =R+ ;(xt—l-x;_l - Rt—l) (65)
and the recursion becomes

1 ,
R =R+ ;(xt—lx,_l —Ri1), (RLS-1)

1 — ’
¢ﬁ=@4+;&ﬁmﬂh—xF@FQ (RLS-2)

Furthermore, using the definition of P;, we get

1 1
P[:?

1&_m—n&

1 o
Sip1 = ;(Sr +xix,) = P

., L,
+?th,=Pt—l +7(xlx;_Pt—l) (66)
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and the recursion becomes

|- )

¢t = d)rfl + ;Ptjle—l(kf - X,,ld),,l), (67)
1

P, = P,]-}—I(X,X—P, 1) (68)

In the present paper, we will use the expressions (RLS-1) and (RLS-2) for the
numerical implementation of the RLS learning algorithm, but the two ways of
writing the algorithm are essentially equivalent.'?

5.1. Asymptotic properties of RLS

The asymptotic properties of RLS algorithms are well established in the literature.
Here, we give a brief review of the main results concerning the convergence of the
algorithm to the rational expectations solution and apply them to the reduced form
of interest. First note that, using the actual law of motion, (RLS-1) and (RLS-2) can
be rewritten as

1 ,
R, =R, +?(Xt—lx,_1 — Ri-1), (69)

1
b= + ;Rt_lxtfl(xltfl(T((bl—l) = b))+ V(D-1)e0) (70)

For given initial conditions, it has been shown that the above algorithm converges
locally to an REE of the reduced form (1)-(2) if and only if the REE is
expectationally stable, or E-stable."> By definition, a MSV solution of (1)—(2) is E-
stable if it is a locally asymptotically stable equilibrium of the ODE

@ 1¢)- 9. (7

Equivalently, an REE is E-stable if the Jacobian of T(¢) — ¢ evaluated at the REE,
given by
TS () = -1 (72)

7@ - qs‘ _ dT(¢)
=4

is a stable matrix, implying that it has eigenvalues with strictly negative real parts.
It has been shown by Marcet and Sargent (1989) that convergence of RLS learning
can be achieved with probability one if the algorithm is augmented by a projection

12The expressions (RLS-1) and (RLS-2) do not look precisely like (56), but they can be transformed into
such an expression by stacking all the elements of ¢ and R into a column vector. This is important only for
verifying that the ODE approach can be used, but is not necessary for the numerical implementation of
least squares.

The concept of E-stability is extensively discussed in Evans and Honkapohja (2001). Moreover, we
postpone the discussion of the initial conditions of the algorithm, since it will be covered extensively in
Section 5.2.
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facility. This variation of the algorithm can be generally written as

jét = kt—l + %(xt—]x/t,1 - ﬁl—])a (73)
. . 1 A . . .
b= by 7 R X (T @) = i)+ V()e, (74)
N ~ (¢ra Rt) lf (qsta Rl) € Dl
(¢, R) = . . (75)
some value in D, C Dy if (¢,, R;) ¢ D;.

Loosely speaking, the projection facility prevents the estimates from leaving a
predetermined region D;. Thus, one can interpret this as a version of least squares
learning that ignores observations that do not agree with the agents’ priors. For
instance, in some of our examples, it is reasonable to assume that agents should
ignore observations that violate the stationarity condition |¢,|<1. Also, if k can be
interpreted as capital, then it may be reasonable to assume that agents know that
¢y >0. Typically, if these conditions are violated, i.e. if (¢,, R;) is not in Dy, a natural
choice for (d),,f{,) is the value of the previous period’s estimates (d),,l,f{,,l). It has
been argued that the variation of the algorithm with the projection facility is not
always appropriate, as it may not always make economic sense. However, if the
projection facility is not invoked, convergence with probability one cannot be shown.
A general result regarding the convergence of (RLS-1) and (RLS-2) has been shown
by Evans and Honkapohja (1998). The authors prove that, if ¢ is E-stable, then the
algorithm (RLS-1) and (RLS-2) converges to ¢ with some probability which is
bounded from below by a sequence of numbers tending to one.

Using the previous definition of E-stability, the conditions that need to be satisfied
for the FLL reduced form (1)—(2) are:

S ' g (76)
(1 —ai¢y) 1 —a¢,

It can also be shown that, if the parameters of the model are such that |a; + ay| <1,
the unique stationary REE solution is always E-stable, and the RLS algorithm
always converges (see Evans and Honkapohja, 2001).*

For the PFL model, the E-stability condition is a;p <1. Note that for many well
known models, parameter restrictions imply that this is always true (e.g. for the
Lucas tree model, a; = ff € (0, 1) and thus a, p is always less than one). Moreover, the
REE of this reduced form model can be shown to be globally stable under learning
(see Evans and Honkapohja, 2001). Therefore, it is not necessary to employ the
projection facility in order to ensure convergence.

A similar result can be found in McCallum (2006) for multivariate models: it is shown that if current
values of endogenous variables are included in individuals’ information sets, then determinacy (i.e. unique
stationary MSV solution) implies E-stability.
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5.2. Initial conditions for RLS

Next, we describe how to initialize the RLS algorithm. Although, theoretically, the
effect of the initial conditions disappears in the limit, the initial conditions for ¢ and
R may be crucial if one is interested in short and medium run dynamics. It should be
emphasized that this is particularly relevant for macroeconomic modeling, since
macroeconomic time series data, unlike data series used in other fields like
engineering or finance, typically have short length.'

The importance of the initial values will also become clearer in Section 8, where we
compare realizations of the RLS algorithm for a variety of initial conditions within
the context of the examples introduced earlier. In what follows, we discuss three
different ways of setting the initial values. The first derives in a natural way from an
estimation based on randomly generated data before the initial time period of
learning. The second is a more ad hoc way of choosing the initial values. The third is
a variant of the first, where the initial conditions are drawn from an appropriate
distribution.

Before proceeding with the three ways of initializing the RLS algorithm, we should
point out that there are two issues that one should be cautious about when setting up
the recursion. First, when deriving the recursive formula for the OLS, in order to be
able to do the steps in (65), we must have that 7% 1.'® Second, for the regression (61)
to make sense and the OLS estimate (62) to be well-defined, the matrix S, or in effect
the matrices R, or P;, must be invertible. A necessary condition for invertibility of S,
is that the sample size ¢ is larger than or equal to the number of regressors. For the
regression equation corresponding to the FLL reduced form, the two regressors are
k;_1 and z,_;, whereas the only regressor for the PFL reduced form is z;_;. Given
these considerations, if #y denotes the time period for which we set the initial values
of the recursive algorithm, we clearly must have that 7p>2. In other words, the
recursive formulation of the OLS (RLS-1, RLS-2) for the model at hand is only valid
for t=2.

5.2.1. Initial conditions from randomly generated data (RGD)
One way of defining initial conditions that is compatible with the recursive
algorithm is as follows:

fo 1)
Sto = ZX,;]XLI and (,i)l(J = S;l ZX,;]]C,‘, (77)
i=1 i=1

5The issue of initializing learning algorithms is also addressed in the work of Milani (2005a, b, c),
Orphanides and Williams (2005a, b) and Williams (2003). Furthermore, Evans and Honkapohja (2001,
Section 2.6) provide a brief discussion on the initial conditions of recursive least squares.

1®Apart from the fact that we cannot proceed with the steps in expression (65) for z = 1, the recursion
would not give an invertible matrix R for all possible initial values of the state variable. For example, if
xo = (0,0), then according to the recursive formula R; = 0.
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or
to to

1 I
R, = EZ X,‘_1X:~71 and ¢f0 - %Rfol Z Xi-1ki. (78)
i=1 i=1

Two interrelated issues arise here. First, since the recursive algorithm starts at
to + 1, we should determine how the observations x;, for i € {1,...,f} are generated
given the initial xy. Second, while #, has to be larger than or equal to the number of
regressors, it is not clear how large it should be. Note that, once the first issue is
resolved and some initial data are generated, it is easy to work out the first time
period that renders S; invertible and then use the corresponding time period as .

Regarding how the initial data are generated, there is no problem when the model
at hand is the PFL reduced form. Since the state variable is exogenous and known,
we can simply generate f) observations and calculate the corresponding OLS
estimates. However, for the FLL reduced form, the way to generate the data is not
obvious. One way to do this is by using the REE, i.e. given some initial conditions
(ko, zo)' for the state variables, we can obtain

ky b . ki b
X = <21>= (q;k d;><2[11>+<¢21/p>8,, (79)

forallt € Iy = {1,...,%} and then use these values to get R, and ¢, from (78). We
will return to the issue of generating the initial data later in this section.
With these initial conditions, the recursive algorithm becomes
to

Ry =D 1B (), (80)
i=1
D SR IC)! (81)
i=1

1
Ri=Ri1+ ?(Xt—l?C;,l —Ri1)
1 forteli={tp+1,t0+2,...} 7,
b= —i—;R,‘lxt,l(k, —X_1P1)
(82)
where the notation x;j(¢) is used to emphasize the fact that the regressors are

generated using the REE.

5.2.2. Ad hoc initial conditions (AH)

It is quite common to initialize the recursive equations of the algorithm at 7y = 0
for some arbitrarily chosen invertible matrix Sy and some ¢,. Note that for #p =0
and arbitrary initial conditions Sy and ¢, the recursive estimate at time ¢ is equal to

t -1 t
¢, = <So + in—l)c;1> <So¢o + in—lki> : (83)
i=1 i=1
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This expression can be verified easily by using the fact that ¢, = S;I(S,_ld),_l +
Xi—1k,) and first substituting S,_;¢,_, backwards until Sy¢, is reached and then
substituting for St_l using the fact that S, =S_1+x_1x_, =---=
So + Z;zlxi,lxg_l. This implies that, for the recursive estimate to be close to the
off-line estimate, Sy would have to be a relatively ‘small’ matrix.'” Of course,
as t becomes very large, the effect of the initial conditions should theoretically
disappear.

With the ad hoc initial conditions, the recursive algorithm becomes

1
R :TSI =5 +XQX6

¢1 = ¢+ Ry ' xo(ky — xbp)

) (84)

1
R =R + ;(xt—lx;_l - Rz—l)
1 fortre{2,3,...}, (85)
b= + ;Rflxt—l(kt —X_1$-1)

So and ¢, given. (86)

5.2.3. Initial conditions drawn from a distribution (DIS)

Our last method of initializing the algorithm is a variant of the RGD method. The
basic idea is that the initial condition for ¢ is drawn from an appropriate
distribution, centered around the REE, ¢. As is well known, the OLS estimator is
normally distributed with a mean equal to the true parameter (here ¢) and a variance
that depends on the regressors and the variance of the disturbance terms. Therefore,
a suitable distribution will be a normal with mean ¢. Regarding the variance, we
propose using the asymptotic variance, which can be interpreted as the variance of
the asymptotic approximation of the finite sample distribution (i.e. the variance
expected over repeated sampling).'®

To determine the asymptotic variance, note first that, from the law of large
numbers,

p Jim R, =p lim (;Zx,»_m@x;_](d?)) = ECai($X_,(B) = M().
i=1

(87)

""The terms on-line and off-line estimation are borrowed from the engineering literature. Off-line refers
to estimation in the usual sense, i.e. the econometrician collects the data after, say, T periods and these
yield an estimate using expression (62). On-line estimation is simply recursive estimation: in any given
period up to 7, the econometrician updates the estimate using the new observation.

"8It is worth emphasizing that these normality results hold true only for constant underlying parameters
to be estimated, i.e. for rational expectations dynamics. Such results do not hold in general along learning
paths.
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For the FLL reduced form, M(¢) is given by'’

b1+ pd) b
@ | U—ap—ad) U= pd(1 = ) (L= ap—ad(l = pdy)
M(o) = 3
l—p b |
(1= aip — ard)(1 = py)
(88)
For the PFL model, M(¢) is equal to
- 0'2
M(@)=1—— (89)
—p
The asymptotic distribution of the OLS estimate is then given by
a SOz
by~ N (b’EM (@) | (90)
where
oy = Var(n,) = Var(V(d)e:) = V(h)’a™. ©1)

Note that o, = éfoz /p* for the FLL reduced form and o, = ¢°a%/p? for the PFL
reduced form. For a given 7y, one can then generate a random realization of ¢, using
the above distribution and then use this as an initial value. Furthermore, we can reset
the set of indices I; to I} = {1,2,...} and rewrite the recursive algorithm (80)—(82) as

Ry = Ry, = M(§), 92)
_ o -
¢ = ¢,, : generated randomly from N ((;S,l—"Ml((f))), 93)
0
1 /
R, =R+ [+t (xt—lx,_l —Riy)

1 forrel|=1{1,2,...} ;. 94

b= ¢, +mR;1xt—l(kt =X 1$i1)

In general, this way of producing initial conditions produces a less extreme initial

¢ than the RGD method, since the asymptotic variance will typically be smaller than
the variance that results from one realization of the regressors.

5.2.4. Comments

The asymptotic properties of the RLS algorithm hold locally regardless of the way
the initial conditions are chosen. In practical terms, this means that, if the initial
conditions are very far from the limiting point of the algorithm (or the learnable

YThe asymptotic moment matrix M| (¢) is well-defined, since the solution for the endogenous variable k,
is stationary by assumption. For a derivation of the matrix see Giannitsarou (2005).
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REE), there is a positive probability that the estimates ¢, might not converge to ¢. In
this sense, choosing AH or DIS initial conditions might be better than RGD, if one
wants to increase the chance of convergence to the REE. However, the variability of
the recursive estimates can be considerably reduced if one uses the RGD as long as ¢
is large. To see this, note that the variance of ¢, and the updating step

R = X ) 95)
in the recursive algorithm expression become smaller as ¢y increases, reducing the
chance of the estimate deviating very much from the rational expectations
equilibrium. In addition, a large 7y for the RGD would give a similar initial
condition to the one produced by DIS, since the latter is the asymptotic
approximation of the former. On the other hand, if one sets the initial conditions
by generating random data with a small 7, it is possible that the initial estimate ¢, is
imprecise and too far away from ¢ (due to the small sample size), thus leading to
divergence. In particular, for the FLL reduced form, and if the rational expectations
solution ¢, is very close to one (near unit root), the initial period estimate with RGD
might well be above one, in which case the subsequent estimates might turn out to be
explosive. One way to overcome this problem is to ensure that ¢, , satisfies at least
the stationarity condition |¢; , |<1. However, imposing the stationarity condition
may lead to a certain type of ‘bias’ in the estimates ¢ and consequently in the
variables of the model, an issue which we will discuss in more detail in Section 8§,
where the numerical results are presented.

Second, given the self-referential nature of the models that we study, choosing the
initial conditions based on observations generated by the REE (RGD) creates some
conceptual problems for the reduced form model with the lag, since in order for the
data to be generated with the REE, the agents have to form correct expectations
about the endogenous variable before they start learning about it. However, this is
not an issue for the PFL model since it contains only variables that are determined
exogenously, and doing an on-line estimation is equivalent to doing an off-line
estimation once all data are collected. In this sense, one could argue that the ad hoc
specification is preferable for the FLL reduced form. On the other hand, it would still
be difficult to decide which initial values are appropriate, and choosing ¢, = ¢ and
Ry = M(¢) is implicitly pre-supposing that agents have estimated and found the
REE before starting to learn about it.

Despite these considerations, there are good arguments in favor of all methods for
initializing, depending on the problem or situation the researcher wishes to study.
Regarding the RGD method, we can argue that it is reasonable to assume that it
takes some time before collected data may become useful for statistical analysis. In
fact, the development and evolution of econometrics as a part of economics was
mainly driven by the increased availability of data in the early years of the 20th
century. In this respect, the interpretation we are suggesting is that, before starting to
forecast, agents collect data from macroeconomic time series until these become
useful for estimation, in the sense that ¢y, becomes large enough to give well-behaved
econometric estimates. The AH method could be useful when studying structural
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changes. Suppose, for instance, that there is a structural change at time ¢y which
shifts one of the parameters of the model, resulting in a change of the rational
expectations equilibrium and possibly of the steady state of the economy. If such a
change is not announced, one can then suppose that, up to time ¢y, agents have a
series of data based on the old equilibrium, which could be long enough to yield
consistent estimates. Since they cannot observe that there is a structural change, it is
then reasonable to assume that the agents continue to forecast the variables at time ¢,
using these series, and thus an initial ¢ that corresponds to the old equilibrium.*
Furthermore, the AH method is useful in an applied context, when the initial
conditions can be estimated from data.?' Finally, regarding the DIS method, it can
be argued that it is the suitable method for initializing in a context where there is
heterogeneity in initial priors in the economy. The DIS method implies that the
initial value is ¢ on average, but allows for the possibility that at a given point in
time (where learning starts) not all the population necessarily has the same belief
about the coefficient ¢ (reflecting for example pessimism or optimism).

6. Stochastic gradient (SG)

The second algorithm of interest is the so-called stochastic gradient or least mean
squares learning. This algorithm has been studied in the literature as a simple
alternative to least squares. Although it is an inefficient estimator, the advantage of
SG learning is its computational simplicity, especially in multivariate and
complicated models.*> The SG recursive algorithm is given by

1
b= by + XX (T(Pm) = b)) + V(e (SG)

The algorithm differs from least squares in that it ignores the second moment matrix
when updating.

6.1. Asymptotic properties of SG

It can be shown that an MSV solution of the reduced form models is learnable
under SG if it is a locally asymptotically stable equilibrium of the ODE

L T~ o) 96)

where M(¢) = lim,_, oo E[x,(¢)x:(¢p)']. The local asymptotic stability of an REE ¢
under SG learning is determined by the stability of the Jacobian matrix
I3 () = dA[M(p)(T(p) — $)]/dep, evaluated at ¢. The SG algorithm converges locally

20As an example, Giannitsarou (2006) studies the short-run learning dynamics of a tax reform in the
context of example two, assuming that the tax on capital is reduced to zero at #y. The initial ¢ is set below
¢ and corresponds to the pre-reform equilibrium.

2'For example, Orphanides and Williams (2005a) estimate the initial conditions from data that range
from 1948 to 1965, and then simulate their learning model implicitly assuming that learning starts in 1965.

22For a discussion and references on SG learning, see Evans et al. (2006).
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to the REE if and only if the real parts of the eigenvalues of J3C(¢) are strictly negative.
For the FLL reduced form, it is not possible to present these conditions in an elegant
manner, but it can be shown that E-stability ensures convergence of the SG algorithm,
whenever there exists a unigue stationary MSV solution, i.e. whenever |a; + a»| < 1. For
the (univariate) PFL reduced form, it can easily be shown that the condition for
convergence of the SG algorithm is given by the E-stability condition. However, if the
reduced form is multivariate, then E-stability does not necessarily imply convergence of
the SG algorithm (see Evans et al., 2006). Once again, convergence with probability one
is attained only by augmenting the algorithm with a projection facility as in Section 5.1.

6.2. Initial conditions for SG

Unlike the RLS, there are no technical complications related to the invertibility of
the second moment matrix when setting the initial conditions for the SG algorithm.
Here, the recursion (SG) is well defined for any r=1,2,..., given some initial
condition ¢,. The algorithm will be initialized with the AH method.

7. Constant gain (CG)

Popular alternatives to the standard RLS and SG algorithms are their constant
gain or tracking variants, i.e. algorithms which replace the decreasing gain sequence
1/t with a constant positive and small number 0<g < 1.7 In particular, these are

R =R +g(xi—1x,_) — Ri—1), (CG-RLS-1)

b= ¢+ R xiky — Xi_ ¢, y) (CG-RLS-2)
and

¢, = by + gx, (ki — X1 ¢,y)- (CG-SG)

The constant gain recursive least squares (CG-RLS) algorithm can be derived
from its non-recursive counterpart, in a similar way as the regular RLS. To see this,
we start from the non-recursive CG least squares estimator

' -
¢, = [Z(l - g)i_lxt—ix;—i] lZ(l — 9 Xk |- ©7)
i=1 i=1

Let
t
Ri=g) (1—9) " xix . (98)
i=1
t .
Ar=g> (1—g) x ki, (99)
i=1

BConstant gain algorithms have been recently adopted in empirical papers such as Bullard and Eusepi
(2005), Milani (2005a, b, c), and Orphanides and Williams (2005a, b), among others.
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First, it is easy to verify that

R =(—~gRi1+gx_1x_,, (100)
A= (1= @)A1 + gx,_ ks, (101)
so that
1
Ao = 1Tg(/‘lr — gx,_1k). (102)

Next, we have that
1
Ri1¢ =41 = 1—4 g(At — gx,_1ky). (103)
Finally, to find the recursive CG-RLS algorithm, we use expressions (100)—(103) to
get
(/)t = R;IAI
= R7'[(1 = 9) A1 + gx, 1]
= Rr_l[(l — @ R_19, 1 + gx,_1ki]
= R;I[(Rt — gx,1X,_ )b,y + gx,1ki]
=¢, - gR;le_lx;_lqﬁ,_l + nglxr—lkr

= ¢y + R X1k — X ) (104)
Summing up, the recursive algorithm is

R = Ri1 +g(x1x;_; — Ri-1), (105)

b=t + 9B Xk — X ) (106)

The main practical difference between these algorithms and the regular RLS and
SG is that they do not allow for convergence to a constant as ¢t — co. This is clear
from the expressions (CG-RLS) and (CG-SG) where it can be seen that the
forecasting error is always added to the updated estimate, even in the limit, while in
the regular algorithms the effect of the current forecasting error vanishes in the limit.
Another way to see the difference between the two algorithms is by considering their
non-recursive expressions. Regular RLS (or SG) puts equal weights on all
observations across time; as t— oo the weight assigned to each observation
becomes very small and therefore the effect of an outlier to the estimate is marginal,
allowing the estimate to converge to the true parameter value ¢. On the other hand,
the CG-RLS algorithm assigns decreasing weights on observations across time, so
that recent observations matter for the current estimate even in the limit.

For these reasons, it is a common belief that CG algorithms are particularly useful
in tracking structural changes in the model and have been consequently used widely
in models with policy making where the policy is allowed to shift over time.** CG

2*Marcet and Nicolini (2003) provide a good discussion on the virtues and disadvantages of decreasing
and tracking algorithms depending on the modeling context.
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algorithms are also relevant when the modeling assumptions require that the
forecasters prefer to use more recent data. Such an example is stock price forecasting
(see e.g. Carceles-Poveda and Giannitsarou, 2006).

7.1. Asymptotic properties of CG

The asymptotic properties of CG learning differ substantially from the ones of
decreasing gain learning, since under CG there is a non-zero correction for the
estimated coefficients through the forecasting error, even in the limit as t — oo. This
means that asymptotically, the CG algorithm converges to a distribution rather than
the constant ¢. Indeed, Evans and Honkapohja (2001) show that under certain
conditions and assumptions, a CG algorithm converges in distribution to a normal
centered around the REE, ¢. Although it is not possible to derive clean conditions
that ensure convergence, such as the E-stability conditions for RLS, it is known that
two necessary conditions for convergence of CG algorithms in distribution are (a)
that 0<g<1 and (b) the E-stability conditions.*

7.2. Initial conditions for CG

As with RLS, when deriving the recursive expression for the CG-RLS algorithm we
implicitly made some assumptions that need to be satisfied in order for the estimator
to be meaningful. In principle, the same considerations regarding the initial conditions
arise here too, i.e. that ¢y, must be at least 2 and such that the matrix R is invertible.
Furthermore, the gain needs to be strictly between 0 and 1 in order to imply finite sums
in the limit # — oco. The values 0 and 1 for the gain must be excluded, since otherwise,
from (97), we would have that ¢, = 0. Once again, we allow for the same three
possible ways of initializing, as with RLS, namely RGD, AH or DIS.

Nevertheless, the choice of initial conditions for the CG algorithm will prove less
critical than for the RLS, a fact that will become more apparent once we present the
numerical results. As long as the initial conditions are not very far from the REE and
the gain is not very large, the estimates will fluctuate around the REE with a
stationary distribution. In contrast, with RLS, the choice of initial conditions is very
important, since the updating is rather slow and the initial condition will determine
from which direction the estimate approaches the REE (this is critical for
short horizons). Because of these reasons, and because a short sample estimator
based on (97) might have very high variance, yielding misleading results, we prefer to
generate the initial conditions based on simple OLS estimates for the RGD and DIS
methods.

8. Numerical results

This section presents some numerical results based on the two examples
(stochastic growth model and Lucas tree model) using the learning algorithms

ZEvans and Honkapohja (2001) provide a set of more elaborate conditions that ensure convergence.
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discussed in the previous sections. In particular, we explore the sensitivity of the
dynamics of the two models to different learning algorithms, as well as to different
ways of choosing the initial values of ¢. For both examples, we present two types of
numerical results: (a) some figures of the evolution of coefficient estimates and key
variables of the models plotted together with the corresponding evolution of the
variables under rational expectations and (b) statistics for the variables based on 500
replications of each experiment.

For the first example, since the reduced form comes from the log-linearization of a
non-linear model, we restrict estimates and the initial values in all the experiments to
be stationary. That is, we require that the implied ¢, is less than one in absolute
value and we include a projection facility that only allows for stationary coefficients
along the recursion. Moreover, whenever we initialize the RLS algorithms with
RGD, in order to find the minimum ¢y, we require that S, is invertible. We use the
standard quarterly parameterization for the stochastic growth model, i.e. « = 0.36,
f=099,0=0.0257y=1, p=0.95and ¢ = 0.00712. For this parameterization, the
rational expectations law of motion for capital (REE) is

ky =0.9653k,_; 4+ 0.0716z,_; + 0.0756¢;, (107)

ie. ¢, =09653 and ¢.=0.0716. Note that, for this example, the persistence
coefficient ¢, is close to one, a fact that will have important implications for the
results we obtain.

For the second example, i.e. the Lucas tree model, we assume that § = 0.99 and
y = 1. In addition, the two parameters of the dividend process are set to p = 0.95 and
o = 0.06, corresponding to the slope coefficient and error variance obtained when
regressing the logged, seasonally adjusted quarterly dividends series in the data on its
first lag. The rational expectations solution in this case is ¢ = 0.95. As stated earlier,
no projection facility is necessary when computing the dynamics of the Lucas tree
model.

Finally, for both examples, the disturbance terms for the exogenous state variable
are generated from a normal distribution. In order to make the results comparable,
we have used the same state for the normal distribution generator of Matlab, which
was set to 56. All the experiments are done for a time horizon of 7" = 150 periods,
representing quarters. Finally, the statistics from all experiments are generated by
applying the Hodrick—Prescott filter for quarterly data.

8.1. The stochastic growth model

8.1.1. RLS: results based on RGD, AH and DIS initializations

We start by discussing the results under RLS based on RGD and DIS
initializations. To determine the minimum ¢, for generating the data during the
training period of the RGD initialization, we require that the program looks for the
first #y such both that the determinant of S, is larger than the default tolerance level
of Matlab (invertibility condition) and that the corresponding estimate ¢, that
multiplies the lag is less than one in absolute value (stationarity condition).
Furthermore, the initial estimate of the DIS initialization is drawn from a
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Fig. 2. Evolution of k,. The solid lines show simulations of capital in the growth model, under RLS with
RGD. The dashed lines show evolution of capital under rational expectations.

distribution that approximates the variance of the OLS estimator of ¢ based on 5
observations.

Fig. 2 shows the evolution of capital for four different specifications of the initial
value, namely for #, being the minimum required for the matrix S, to be invertible
(for the particular realization of the shock this turns out to be fy, = 6), and for
to = 15, 40, 100 periods. As expected, the larger ¢, is, the closer the adaptive learning
dynamics are to those of rational expectations. This is because, as f, increases, there
are two effects which contribute to the evolution of adaptive learning. First, the
larger the ¢, the better is the initial value estimate of ¢, in the sense that it is closer to
the REE value ¢. Second, the larger the #,, the smaller is the gain sequence 1/(t + t,);
in other words, the weight put on the forecasting error is smaller and it is therefore
more difficult for the estimate to move far away from the REE. It is worth noting
that, when ¢, is the smallest possible, the log deviations of the variables from the
steady state with RE and learning can differ up to 2 percentage points for capital and
consumption, and up to 7.5 percentage points for investment.

A second observation is that capital (and therefore investment) appears to be less
volatile under learning than under rational expectations. Consequently, consump-
tion will be more volatile. This effect is bigger the smaller ¢, is. Since the figures show
the dynamics for only one realization of the shock, we have calculated statistics for
the variables based on many (500) replications of the experiment.
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Table 1
Relative deviations and correlations with output under RLS

Relative deviations Correlations with y
k i ¢ k i c
RGD
fp = min 0.1422 1.9580 0.8543 0.5600 0.8630 0.8699
to=15 0.2423 2.8409 0.4707 0.3982 0.9720 0.8104
ty = 40 0.2567 2.9287 0.3774 0.3491 0.9902 0.9031
to = 100 0.2604 2.9823 0.3517 0.3558 0.9918 0.9205
DIS 0.2774 3.1644 0.4249 0.3406 0.9853 0.6286
REE 0.2619 3.0101 0.3423 0.3604 0.9917 0.9221

The first four lines show the statistics under RGD with various initial values. The fifth line shows statistics
with DIS and the last line shows the statistics under rational expectations.

Table 1 presents the average relative deviations and correlations with output
for capital, investment and consumption. The first four rows present the statistics
for the RGD initialization, row five presents the results for the DIS initialization
and the last row displays the statistics under RE. A few comments on the entries of
rows 1-4: First, as already illustrated by the figures, the smaller the 7y, the less
volatile capital and investment are under adaptive learning. As a consequence,
consumption is more volatile relative to output. Second, the correlations with
output under learning are also further away from their RE values with a smaller ¢,.
In particular, capital has a higher correlation the smaller the #; is, and this difference
is quite large with the minimum possible #y, whereas the corresponding correlations
for investment and consumption are not so different. Third, while there is a
significant difference between the statistics when #; is the minimum possible and the
statistics under RE, the numbers suggest that these differences appear to be
eliminated quite quickly as 7y becomes larger. As we see, the statistics with 7y = 15
are already quite close to those under RE. Finally, the numbers with the DIS
initialization are relatively close to their RE counterparts. This is not surprising,
since the DIS method should give similar results to the RGD initialization with a
relatively large 7.

We have also performed the same experiments with the stricter projection facility
that imposes non-negativity for ¢, and ¢. and we find that this does not affect the
results in any significant way. Finally, we simulated the paths of the variables under
learning for 7" = 2000, using RGD with ¢y being the minimum possible, and we find
that the statistics are not very different from those that we get with 7"= 150. In
particular, the relative deviation and correlation with output of the capital stock are
equal to 0.1428 and 0.4375, respectively.

We now present the results based on AH initializations. Here, we focus on the
statistics of capital under learning for a variety of different initial conditions that can
be above, below or at the REE. These are given in Table 2, displaying the relative
deviations and the corresponding correlations in parentheses. Note that the rational
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Table 2
Stochastic growth model — relative deviations and correlations of capital with output under RLS

Initial values 0.900¢),, 0.950¢),, b 1.010¢;, 1.025¢;
0.900. 0.1815 0.2586 0.2927
(0.5254) (0.3326) (0.2919)
0.950¢. 0.2198
(0.4413)
é. 0.1939 0.2780 0.3161
(0.5285) (0.3418) (0.3058)
1.010¢, 0.2934
(0.3229)
1.0256. 0.1970 0.2828 0.3215
(0.5292) (0.3441) (0.3091)

The simulations are done with AH initialization. The first row and the first column show the initial values
that are used for ¢, and ¢.. For each initialization, the first number is the relative deviation and the second
number, in parenthesis, is the correlation.

expectations statistics are 0.2619 (relative deviation) and 0.3604 (correlation with
output).

From the table, it can be seen that the levels of the initial values for ¢, and ¢, do
matter for the evolution of capital. First, moving along the diagonal, we see that
increasing the values of the initial coefficients leads to a higher relative variability
and a lower correlation with output, whereas starting from ¢ generates statistics that
are very close to their RE counterparts. Second, we see that ¢, matters more,
especially for the variability of capital. In particular, if ¢,,> ¢, then capital is more
volatile under learning than under rational expectations. This is reflected in columns
1-3 of the table. In the first column, where ¢, = 0.9¢,, the variability of capital is
always below the RE value, even when the initial value of ¢, is above ¢.. Similarly,
along the third column, where ¢,, = 1.025¢,, the variability of capital is always
higher than the RE value, regardless of the value of ¢_,. Finally, whereas different
initial values for ¢, also yield some differences, these are small compared to the effect
of different initial values of ¢,. We will discuss these findings in more detail later in
this section.?

8.1.2. SG and CG: comparison with RLS

Next, we do some experiments with SG learning, based on ad hoc initial
conditions, and with CG learning, using the same initializations as in previous
subsections. The results for the SG algorithm with ad hoc initializations are
summarized in Table 3. Comparing the numbers for RLS and SG, it can be seen
that, qualitatively, the results are not very different. As with RLS, the initial

26As with the RGD initialization, we have simulated the paths of the variables under learning for
T = 2000, for the same initial conditions as in the short horizon experiments. Once again, we obtain very
similar results, indicating that the effect of the initial conditions takes a long time to disappear.



E. Carceles-Poveda, C. Giannitsarou | Journal of Economic Dynamics & Control 31 (2007) 2659-2697 2687

Table 3
Stochastic growth model — relative deviations and correlations of capital with output under SG
Initial values 0.900¢, 0.950¢, bu 1.010¢, 1.025¢,
0.900¢), 0.1904 0.2382 0.2484
(0.5641) (0.3524) (0.2780)
0.950¢. 0.2243
(0.4772)
¢. 0.2090 0.2618 0.2732
(0.5695) (0.3604) (0.2866)
1.010¢, 0.2691
(0.3328)
1.025¢. 0.2137 0.2677 0.2793
(0.5708) (0.3623) (0.2887)

The simulations are done with AH initialization. The first row and the first column show the initial values
that are used for ¢, and ¢.. For each initialization, the first number is the relative deviation and the second
number, in parenthesis, is the correlation.

Table 4
Stochastic growth model — relative deviations and correlations of capital with output under CG-RLS
Initial values 0.900¢,, 0.950¢, b 1.0106, 1.025¢,
0.900¢. 0.1910 0.2485 0.2711
(0.5535) (0.3394) (0.2667)
0.950¢. 0.2250
(0.4637)
é. 0.2070 0.2706 0.2958
(0.5579) (0.3477) (0.2767)
1.010¢. 0.2822
(0.3211)
1.025¢. 0.2110 0.2762 0.3020
(0.5590) (0.3497) (0.2792)

The simulations are done with AH initialization and gain g = 0.02. The first row and the first column show
the initial values that are used for ¢, and ¢.. For each initialization, the first number is the relative
deviation and the second number, in parenthesis, is the correlation.

conditions may matter for the statistics of the aggregate variables. In particular, if
the initial conditions are below the REE (and in particular the coefficient ¢,), the
relative deviation of capital is lower, and the correlation is higher, and vice versa.
The results for the ad hoc initialization under CG are displayed in Tables 4 and 5
for gain values of 0.02 and 0.2.°” The tables reveal the following facts. First, the

?TThe choice of the gain parameter depends on the problem at hand and is an issue of applied nature.
Various authors calibrate or estimate the gain parameter (e.g. see Milani, 2005a, b, ¢; Orphanides and
Williams, 2005a, b; Carceles-Poveda and Giannitsarou, 2006).
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Table 5
Stochastic growth model — relative deviations and correlations of capital with output under CG-RLS

Initial values 0.900¢),, 0.950¢),, b 1.010¢;, 1.025¢;
0.900. 0.2272 0.3151 0.3436
(0.3412) (0.3289) (0.3284)
0.950¢. 0.2671
(0.3386)
é. 0.2339 0.3270 0.3567
(0.3494) (0.3389) (0.3389)
1.010¢, 0.3397
(0.3396)
1.0254. 0.2352 0.3992 0.3610
(0.3512) (0.3417) (0.3423)

The simulations are done with AH initialization and gain g = 0.2. The first row and the first column show
the initial values that are used for ¢, and ¢.. For each initialization, the first number is the relative
deviation and the second number, in parenthesis, is the correlation.

Table 6
Relative deviations and correlations with output under CG-RLS, g = 0.02
Relative deviations Correlations with y
k i ¢ k i ¢
RGD
tp = min 0.1507 2.1240 0.8412 0.6102 0.8330 0.8395
to=15 0.2454 2.8510 0.4510 0.3839 0.9748 0.8294
ty =40 0.2616 2.9694 0.3694 0.3414 0.9894 0.8845
to = 100 0.2673 3.0384 0.3394 0.3454 0.9912 0.8943
DIS 0.2689 3.0593 0.3582 0.3449 0.9908 0.7890
REE 0.2619 3.0101 0.3423 0.3604 0.9917 0.9221

The first four lines show the statistics under RGD with various initial values. The fifth line shows statistics
with DIS and the last line shows the statistics under rational expectations.

statistics with a gain of g = 0.02 are very similar to the ones obtained under RLS and
SG. Again, we observe that higher values of the initial coefficient ¢, seem to matter
considerably for the relative variability and correlation with output of capital.
Looking at the results with the higher gain of g = 0.2, however, we observe that the
statistics are somewhat less affected by the initial coefficient values. In particular, the
correlations with output are very similar across all initial values. In addition, the
differences in the relative variabilities are smaller across initial values of ¢, and ¢,
while all the values are higher with the higher gain. As an example, the relative
variability of capital starting from ¢ is equal to 0.327 with a gain of 0.2, whereas it is
equal to 0.2706 and 0.278 with a gain of 0.02 and RLS, respectively. The statistics for
the CG algorithm with the RGD and DIS initializations are displayed in Tables 6
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Table 7
Relative deviations and correlations with output under CG-RLS, g = 0.2

Relative deviations Correlations with y
k i ¢ k i ¢
RGD
fo = min 0.1936 2.3162 0.8307 0.3174 0.8419 0.7871
to=15 0.2613 3.0630 0.7363 0.3553 0.8734 0.5774
ty = 40 0.3021 3.4650 0.7093 0.3482 0.8854 0.4324
to = 100 0.3157 3.5853 0.7012 0.3417 0.8916 0.3820
DIS 0.3265 3.6859 0.7130 0.3398 0.8944 0.3427
REE 0.2619 3.0101 0.3423 0.3604 0.9917 0.9221

The first four lines show the statistics under RGD with various initial values. The fifth line shows statistics
with DIS and the last line shows the statistics under rational expectations.

and 7. The results with a gain of 0.02 and RGD or DIS initializations are again very
similar to the RLS findings. In particular, we again observe that a higher gain
coefficient leads to higher variability of capital in all cases considered.

8.1.3. Discussion

Collecting the results from the numerical experiments, one can confidently
conclude that the initial values matter for the dynamics of aggregate macroeconomic
variables in the stochastic growth model under adaptive learning, whereas the
different algorithms do not seem to matter that much. A marked pattern from the
experiments is that if the initial condition for ¢, is below the REE, then the volatility
of the state variable under learning is lower than the volatility under rational
expectations. The reason for this significant difference between the statistics relates
to how these depend on the estimated elasticities ¢,. Under rational expectations, the
elasticities are constant and it is straightforward to establish the monotonicity
properties of the statistics with respect to ¢. For example, it can be shown that the
variance of the endogenous state variable under rational expectations is*®

E() =dl = at t oty - (108)
(I —aip—a1¢) (1 = pdi)(1 — b))

and it is possible to show that this is increasing in ¢, for all reasonably calibrated
parameter values. Using this result, we can then heuristically argue that the variance
of the endogenous state variable under learning will be lower than the variance
under rational expectations if the estimated coefficients ¢, remain well below ¢, for
a large number of periods. For example, Fig. 3 shows the paths of ¢, that generate
the variables in Fig. 2 with the minimum ¢y, where it can be seen that the initial value
of ¢, is below the REE and that the elasticity falls quite low and remains quite far
from the REE for many periods before it starts converging. Furthermore, for every

2See Giannitsarou (2006).
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Fig. 3. Evolution of ¢. Simulation of the coefficients for the growth model under RLS, using RGD with
the minimum possible 7.

experiment that produces the statistics in Tables 1-3, we record the average
percentage number of periods for which ¢, is below the REE. These percentages are
displayed in Table 8 along with the corresponding relative deviation of capital under
adaptive learning.

The table reflects an important difference between the RLS and SG algorithms:
because the SG algorithm does not update the second moment matrix, it will
generate a very high persistence of the coefficient estimates. In turn, these
remain above or below the REE (depending on the initial value) much more often
than with RLS.

Some more comments are also in place regarding the pattern of the statistics when
using the RGD initialization. For the particular model at hand, the REE is ¢, =
0.9653 and ¢, = 0.0716. In other words, the REE elasticity ¢, is very close to 1,
which is the bound for ensuring stationarity. When generating the pre-learning data
that is used to calculate the initial value for ¢,, we are looking for the minimum
possible #, that satisfies both the invertibility and the stationarity conditions.
Although this data are generated by using the REE, by not accepting a coefficient
larger than one as an initial condition, we are implicitly introducing a truncation of
the underlying normal distribution that generates the observations. In turn, this
causes the mean of the data generating process to be less than ¢,. For this reason,
when using the RGD with the minimum possible ¢, the initial value for ¢, will
typically be below the REE, resulting in deviations under learning that are lower
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Table 8
Percentage of periods below the REE for the stochastic growth model
Initial values Rel. deviations Percentage of periods below REE
b b.
RLS-RGD tp = min 0.1422 82 68
ty=15 0.2423 66 58
to = 40 0.2567 57 61
to = 100 0.2604 57 56
RLS-DIS 0.2774 50 51
RLS-AH 1.025¢ 0.3215 21 34
1.010¢ 0.2934 35 45
¢ 0.2780 50 51
0.950¢ 0.2198 99 71
0.900¢ 0.1815 99 83
SG 1.025¢ 0.2793 0 0
1.0104 0.2691 0 0
¢ 0.2618 65 57
0.950¢ 0.2243 100 100
0.900¢ 0.1904 100 100
REE 0.2618

The simulations are based on 2000 replications. The first two columns show the initialization method and
the specifications for the initial value. The third column shows the average relative deviations and the two
last columns show the average percentage number of periods for which ¢, and ¢. is below the REE.

than those under rational expectations. Based on outcomes from several numerical
experiments, we conjecture that this effect disappears as ¢, moves away from the
stationarity bounds —1 and 1.

Finally, if we consider the experiments with CG, we observe that a higher gain
coefficient leads to a higher variability of capital in all cases. This can be attributed
to a higher variability of the coefficient ¢, with a higher gain. This is shown in Fig. 4,
which displays the evolution of ¢, under RLS and CG with ad hoc initializations
that start at ¢,. As we see, whereas the variability of ¢, is very similar under RLS
and CG with g =0.02, it is considerably higher with g = 0.2, generating the
differences in the variabilities that we have discussed above. Note that this could also
explain the lower correlations with output of other variables, such as investment and
consumption, that we observe with a higher gain coefficient.

8.2. The Lucas tree model

Table 9 presents some statistics for the Lucas tree model, in particular it reports
the standard deviation of the stock price under learning relative to the corresponding
standard deviation under RE, using three learning algorithms, RLS, SG and
CG-RLS (with gains of 0.02, 0.2 and 0.4). As with the stochastic growth model,
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Fig. 4. Evolution of ¢,. Comparison of dynamics under RLS (solid line) and CG (dashed line, g = 0.02
and dash-dotted line, g = 0.2). The initial value is ¢,. The REE is shown with the dotted straight line.

Table 9
Lucas tree model

RGD DIS AH

min 15 40 100 0.8¢ é 1.2¢
RLS 0.8222 1.0782 0.9449 1.0029 1.0301 0.8706 1.0308 1.1911
SG 0.8132 1.0006 1.1880

CG-RLS, g =0.02 0.8687 1.0757 0.9521 1.0113 1.0052 0.8334 1.0098 1.1861
CG-RLS, g =0.20 1.1166 1.2233 1.1374 1.1721 1.1621 1.0507 1.1614 1.2741
CG-RLS, g =0.40 1.9243 1.4612 1.3888 1.4149 1.3995 1.3148 1.3995 1.4870

Deviations of the stock price under learning, relative to deviations under rational expectations. The
statistics are based on simulations under RLS, SG and CG-RLS learning. The first and second rows show
the various initialization methods.

whenever DIS is used to initialize the algorithm, the initial value is based on 5
observations.

From this table, we observe the following patterns. First, under RLS or CG-RLS
with RGD initializations, we see differences in the relative variability of the stock
price, but the numbers are non-monotone with respect to fy. Second, as expected, the
variability under RLS with DIS initialization is very close to its value under RE,
while it is increasing with the gain coefficient under CG-RLS. Third, the relative
variability of the price is increasing with the initial value of ¢ with AH
initializations, under all different learning algorithms.
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Fig. 5. Comparison of RLS and SG. The first row of graphs shows evolution of ¢ in the Lucas model,
under RLS with three initial values. The second row shows the evolution of ¢ under SG. The dashed line is
the REE.

To understand the intuition for these findings, note that the stock price law of
motion under learning with our parameterization is given by

D= T(¢z—l)dt = (B(/)[—l +1- ﬁp)ﬂdz~ (109)

This equation shows that the variability of the stock price under learning relative to
the variability under rational expectations is increasing in the estimated coefficient
¢,. This explains the behavior of the relative variability with respect to the initial
value. If the estimated coefficient stays high and above the REE for many periods,
then the relative variability is larger than one. Fig. 5 shows the evolution of ¢ under
RLS and SG with AH initializations. For example, when RLS starts at 1.2¢, the
coefficient stays above the REE for most periods, this is why the relative variability is
higher than one. Moreover, compared to SG starting at the same initial value, the
estimated coefficient is overall higher, thus the relative variability is higher, as can be
seen in Table 9.

8.3. Comparison of the two examples

Our results illustrate some important differences across the two reduced form
models considered. In particular, the differences across algorithms seem to be larger
in the PFL model, whereas the initialization matters equally for both models.
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First, due to the presence of the lag, the FLL reduced form generates a
considerable persistence of the coefficient estimate. This persistence will generate less
differences between the RLS and SG algorithms. These however are sizeable in the
PFL model. Second, the stochastic process has a much higher variance in the second
example, implying that all variabilities should be higher in this case. Finally, the
effects of potentially higher and more volatile estimates, for example under CG, will
considerably be mitigated in the first example due to the projection facility
(stationarity condition) imposed on ¢,; this leads to a downward bias that also
drives down the variability of the state variable. This is confirmed by the results for
the first example with a gain of 0.4, which are not reported here, but show that the
variability of the capital is actually lower than under g = 0.2. Thus, in this case,
imposing the projection facility plays an important role for explaining differences
between algorithms. Finally, given our findings from these numerical examples, it is
quite clear that the size of the gain in CG learning is critical for determining the
dynamics of the system that is studied. Its value should therefore be carefully selected
when this algorithm is used in applied work.

9. Concluding remarks

In this paper, we provide a self-contained and comprehensive framework for
computational implementation of adaptive learning algorithms, in the context of
forward looking models with endogenous lags and purely forward looking models.
Summarizing our results, the main conclusion of the experiments is that the initial
values for learning can be very important for the evolution of the variables of the
model. We also find important differences across the algorithms. In particular, a
higher gain under CG learning can generate a considerably higher variability
for the state variable, especially in the purely forward looking reduced form model,
where it is not necessary to impose the projection facility. Finally, although the
effects of the initial conditions should in theory disappear in the limit, for time
horizons that are empirically relevant, the effects often remain and can result in
outcomes that are significantly different from those under rational expectations. To
reinforce this argument, we simulated the paths of the variables under learning for
longer horizons and found that the effects of the initial conditions take a long time to
disappear. Therefore, the choice of initial conditions and learning algorithms
may be very important if one is interested in using learning in an applied or
empirical context.
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Appendix A. Example 1: reduced form and steady state

If we denote the steady state of variable Q, by Q and conventionally set Z = 1, we
obtain

j = 9—1/(1—%)’ (110)
C=K" -0k =00 _ 59710, (111)
Y= K‘“ = /0=, (112)
Z=1 (113)

To write the reduced form for this example, we start from the expectational equation
and eliminate all the variables apart from k and z using the rest of the equilibrium
conditions as follows:

0 = E[['))(C[ — CH_]) — (X'BO(I — OC)k[ + OC,[))OZH_]]

KR Y KR Y K
=El|: <C-, kt 1+C-,Zt -kz——ékz——czt+1 —i——CkH_])

— B0l — ke, + aﬂez,ﬂ]
124 Y Y 7K

KR
- Pcku =2 k, c"' cZ'+‘+ck'+1

— B0l — ke, + aﬂez,H]

KR yf/ q,)IZ yKR yY K
= —_k — b - __k - = k E = E k
Falli 1+ e Zy ol TS 1Z1+1 + c +1
_— uﬁ@(l — a)kt +aﬂ0Et2t+]
vY K, 9KR,  ppY
k — =k, ——k,— = Ek
C -1+ c = Zt c t c t c t+ C t+1

—af0(1 — o)k, + affbpz,

K «KR Y Y
= %Erkﬂrl +— ! kt 1+ <V__ - %‘*‘ O‘BHP)Zt

C
K /KR )
— | &= k
(C+ c '
yK +9KR + af0(1 — 2)C KR
:>(/ ! C—,ﬁ ( ) )kt—?EtktJrl +)) ki1

(114)

(y Y —yoY + aﬂ@pé)
+ b Zt.
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Appendix B. Example 2: steady state

The steady state equations for example two are given by

e R —— R\ RK
Z—l, R— B(l—’[) . W—(l-d)(;) . Y—T,
(115)
ﬁ—%/('—i)
(o — 1)<§> ac—1) 7\ -2
y S VA ,N:(—) . (116)
A(R — o0 — RE 4+ Roé — Rat + 001) o

—o/(1—a)
E:i(l—f)(l_a)(—R> : G=K(r(R—5)+MR>- (117)
A o o

Appendix C. Supplementary material

Supplementary data associated with this article can be found in the online version
at doi:10.1016/j.jedc.2006.09.004
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